SOME HXCEPTIONAL
CONFICURATIONS

BYRON SCHMULAND
UNIVERSITY OF ALBERTA, CANADA

— ntemntmnnl }_nnferentn n Imnthemntits

§;_,;3" ember 2 2007

Ulaanbaatar, Mongolia




H. Osada: “Dirichlet form approach to
infinite-dimensional Wiener processes with singular
interactions” CMP 176, 1996

M.W. Yoshida: “Construction of infinite dimensional

interacting diffusion processes through Dirichlet forms”
PTRF 106, 1996

S. Albeverio, Yu. G. Kondratiev, and M. Rockner:
“Analysis and geometry on configuration spaces” JFA
154, 1998

“Analysis and geometry on configuration spaces: The
Gibbsian case” JFA 157, 1998



(X:, Py) : diffusion process on E
with invariant measure u

(€,D(€)) : Dirichlet form on L*(E; u)

For u : E — R we have



u . W — R i1s quasi continuous if

P,(t — u(X;) continuous ) =1

N C E i1s exceptional if
P(X:¢ N forallt) =1

That is, u(N) = 0 and 1y is quasi continuous



If u, € D(€) are quasi continuous,
U, — U pointwise, and

sup £(up, Un) < 00,

then u 1s quasi continuous




E =R% u = Lebesgue measure, X; = Brownian motion

E(u,v) = %/(Vu, Vu)du, N ={y}
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| Configuration space I l

I'={yCR*: |yNn K| < oo, compact K}

Each v 1s a Radon measure, I' has topology of vague
convergence. For ¢ € CP(R?), v € I define



| Gibbs measures on [ l

Poisson measure 7, characterized by

/FeXp(<90,7>) mo(d7y) = exp IZ/(B"” - 1)6”]

where A is Lebesgue measure

)

~

e Poisson measure T,

e pair potential ¢ : R —» R U {oo}

o energy B2(7) = T4z — ) N—
sum over {z,y} C 7,{z,y} N A # 0




For a Gibbs measure u the conditional distribution of
the part of the configuration inside A, given -y outside A:

~ exp(— B (1ae + wn)) . (dw)




| Test functions on I' l

FCr = {u:u(r)=9({e1,7), (02,71 (¥n, 7))
p; € CP(RY) and g € C°(R") }

(V') (7;2) Zgi ({01,7), (02, 7)5 -+ -5 {n, 7)) Vipi(2)

Define the square field by

S(u,0)(7) = (VEu(7; ), V50 (%)) po(anim



| Dirichlet form on I’ l

pre-Dirichlet form on L*(T; )
1

() = 5 [ S(u)(r) u(an

for u,v € FCy°

Closable? Yes!

The closure (£, D(€)) is a Dirichlet form



| Markov process on I l

Is (€, D(€)) quasi-regular?

Two potential problems:
e 1mplosion

e collision

(€,D(€)) is quasi-regular on
[pe = {Z, U{oco}-valued Radon measures on R%}

(Xt)e>o0 1s @ ['pa-valued process



[ \ T're is exceptional if d > 2




S, ), (@, N() = (|IVell,7)

S(Un, un)(7Y)
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Clisup, (1;,y)>2) M sup(ly, )
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Free case: (Poisson measure )

(I;,y) ~ Poisson(zA(l;))
[ ) ad) < (A

E(Un, Up) < cn? z:('rz_“l)2 ~ cn? e

1

Gibbs case: (Ruelle measure )

There is £ so that for bounded A

dGibbs
dPoissony,

so Proposition 1 holds.

< ¢(£, 0)

Fa




| LLN and LIL on I l

Joint work with Wei Sun

Gn = [—n,n]%, i = Bu(Y(Gn)), 07, = Var,(v(Gn))

3 G.,
LLN := {’)/E ['ga : Iim 7(Gn) = 1}

n—oo ,u"n

B . Y(Gn) — tn
LIL = {’y € 'pa : lllfﬂsoljp (207 log log 02)1/2 = 1}



In the free case, with Poisson measure u, it is easy to
show that u(LLN®) =0 and p(LIL®) = 0.

In the Gibbs case, with Ruelle measure u, for small

values of the activity parameter z, u 1s translation
invariant on R% and we have showed that u(LLN¢) =0
and p(LIL) = 0.

Under the conditions above, the sets
LLN® and LIL® are exceptional.
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Gn—l
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_ {en )
=)= 360
Bounding the square field gives
V(Gr)

S(Un,un)(y) < c




Write GG,, as the union of cubes (), of size one, so

SO

/P sup ;((g ))2 u(dy) = /F Sup /R ) iaé(w)z v(dz) u(dy)

/ d /R : 1Qm (dw)u(dv)

_ Z M('Y(Ql))

m,2

VA

m=1



By Lemma QC, the limit v := lim sup,, u,, belongs to
D(€) and is quasi-continuous.

u(y) = limsupy(Gn)/M(Gn)
v(7) = lminfy(Gn)/MGn)

are quasi-continuous. Since u, v, and w agree u-almost
everywhere, they must agree except on an exceptional

| LLN® is exceptional! l

set.




