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(Xt, Pγ) : diffusion process on E
with invariant measure µ

(E , D(E)) : Dirichlet form on L2(E;µ)

For u : E → R we have

E(u, u) = lim
t↓0

1

2t
Eµ

[
(u(Xt)− u(X0))

2
]



u : E → R is quasi continuous if

Pγ(t �→ u(Xt) continuous ) = 1

N ⊆ E is exceptional if

Pγ(Xt �∈ N for all t) = 1

That is, µ(N) = 0 and 1N is quasi continuous



Lemma QC: If un ∈ D(E) are quasi continuous,

un → u pointwise, and

sup
n

E(un, un) < ∞,

then u is quasi continuous



E = R
d, µ = Lebesgue measure, Xt = Brownian motion

E(u, v) = 1

2

∫
〈∇u,∇v〉 dµ, N = fyg
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u ↘ un↙

E(un, un) =
1

2

∫
B(y,1/n)

‖∇un‖2 dµ = cn−dn2



Configuration space Γ

Γ = fγ ⊂ R
d : jγ ∩Kj < ∞, compact Kg

•

•

•

••
• •

• •
• •

•

R
d

Each γ is a Radon measure, Γ has topology of vague

convergence. For ϕ ∈ C∞
0 (Rd), γ ∈ Γ define

〈ϕ, γ〉 =
∫

ϕ(x) γ(dx) =
∑
x∈γ

ϕ(x)



Gibbs measures on Γ

Poisson measure πz characterized by∫
Γ

exp(〈ϕ, γ〉)πz(dγ) = exp

[
z

∫
(eϕ − 1)dλ

]

where λ is Lebesgue measure

• Poisson measure πz

• pair potential φ : R
d → R ∪ f∞g

• energy Eφ
Λ(γ) =

∑
φ(x− y)

sum over fx, yg ⊂ γ, fx, yg ∩ Λ �= ∅
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For a Gibbs measure µ the conditional distribution of

the part of the configuration inside Λ, given γ outside Λ:

∼ exp(−Eφ
Λ(γΛc + ωΛ))πz(dω)
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Λ

γΛc

ωΛ



Test functions on Γ

FC∞
b := f u : u(γ) = g(〈ϕ1, γ〉, 〈ϕ2, γ〉, . . . , 〈ϕn, γ〉)

ϕi ∈ C∞
0 (Rd) and g ∈ C∞

b (Rn) g

(∇Γu
)
(γ;x) :=

n∑
i=1

∂g

∂xi

(〈ϕ1, γ〉, 〈ϕ2, γ〉, . . . , 〈ϕn, γ〉)∇ϕi(x)

Define the square field by

S(u, v)(γ) := (∇Γu(γ; ·),∇Γv(γ; ·))L2(Rd→Rd;γ)



Dirichlet form on Γ

pre-Dirichlet form on L2(Γ;µ)

E(u, v) = 1

2

∫
Γ

S(u, v)(γ)µ(dγ)

for u, v ∈ FC∞
b

Closable? Yes!

The closure (E , D(E)) is a Dirichlet form



Markov process on Γ

Is (E , D(E)) quasi-regular?

Two potential problems:

• implosion

• collision

(E , D(E)) is quasi-regular on
Γ̈Rd := fZ+ ∪ f∞g-valued Radon measures on R

dg
(Xt)t≥0 is a Γ̈Rd-valued process



Proposition 1: Γ̈Rd \ ΓRd is exceptional if d ≥ 2
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un(γ) = ψ

(
sup
i
〈ϕi, γ〉

)



S(〈ϕ, ·〉, 〈ϕ, ·〉)(γ) = 〈‖∇ϕ‖2, γ〉

S(u ∨ v, u ∨ v)(γ) ≤ S(u, u) ∨ S(v, v)

S(un, un)(γ) ≤ c1[supi〈Ii,γ〉≥2] sup
i
〈‖∇ϕi‖2, γ〉

≤ c1[supi〈Ii,γ〉≥2] n
2 sup

i
〈Ii, γ〉

≤ cn2
∑
i

1[〈Ii,γ〉≥2] 〈Ii, γ〉



Free case: (Poisson measure µ)

〈Ii, γ〉 ∼ Poisson(zλ(Ii))∫
[〈Ii,γ〉≥2]

〈Ii, γ〉µ(dγ) ≤ (zλ(Ii))
2

E(un, un) ≤ cn2
∑
i

(n−d)2 ∼ cn2−d

Gibbs case: (Ruelle measure µ)

There is ξ so that for bounded Λ(
dGibbs

dPoissonξ

) ∣∣∣∣
FΛ

≤ c(ξ,Λ)

so Proposition 1 holds.



LLN and LIL on Γ

Joint work with Wei Sun

Gn = [−n, n]d, µn = Eµ(γ(Gn)), σ
2
n = Varµ(γ(Gn))

LLN :=

{
γ ∈ Γ̈Rd : lim

n→∞
γ(Gn)

µn

= 1

}

LIL :=

{
γ ∈ Γ̈Rd : lim sup

n→∞

γ(Gn)− µn

(2σ2
n log log σ

2
n)

1/2
= 1

}



In the free case, with Poisson measure µ, it is easy to

show that µ(LLNc) = 0 and µ(LILc) = 0.

In the Gibbs case, with Ruelle measure µ, for small

values of the activity parameter z, µ is translation

invariant on R
d and we have showed that µ(LLNc) = 0

and µ(LILc) = 0.

Proposition 2: Under the conditions above, the sets

LLNc and LILc are exceptional.
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ϕn

un(γ) :=
〈ϕn, γ〉
λ(Gn)

Bounding the square field gives

S(un, un)(γ) ≤ c
γ(Gn)

λ(Gn)2



Write Gn as the union of cubes Qm of size one, so

1Gn =
∑λ(Gn)

m=1 1Qm . Then

1Gn

λ(Gn)2
≤

λ(Gn)∑
m=1

1Qm

m2
≤

∞∑
m=1

1Qm

m2
,

so∫
Γ̈

R
d

sup
n∈N

γ(Gn)

λ(Gn)2
µ(dγ) =

∫
Γ̈

R
d

sup
n∈N

∫
Rd

1Gn(x)

λ(Gn)2
γ(dx)µ(dγ)

≤
∫
Γ̈

R
d

∫
Rd

∞∑
m=1

1Qm(x)

m2
γ(dx)µ(dγ)

=
∞∑

m=1

Eµ(γ(Q1))

m2
< ∞



By Lemma QC, the limit u := lim supn un belongs to

D(E) and is quasi-continuous.

u(γ) = lim sup
n→∞

γ(Gn)/λ(Gn)

v(γ) := lim inf
n→∞

γ(Gn)/λ(Gn)

w(γ) := Eµ(γ(Q1))

are quasi-continuous. Since u, v, and w agree µ-almost

everywhere, they must agree except on an exceptional

set.

LLNc is exceptional!


