Does the Markov property only depend on finite dimensional distributions?

Let I be a subset of the real line and (X:):c; a stochastic process on (2, F, P) taking
values in (E,£). For t € I, define sub-o-fields

Fa=0{X,:rel,r<t}, Fsi:=0{X,:rel,r>t}
We say that (X;) is a Markov process if for t € I, A € F<;, and B € F>, we have
P(ANB| X)) = P(A| X;) P(B | X.), (M)

where the equation is P-almost sure.

Lemma:  If (Y}):c; has the same distribution as (X;):cs, then (Y;) is also Markov.

1. In equation (M), by fixing A and using the Monotone Class Theorem on B,
and vice versa, we see that (X;):c; is Markov if and only if (X})cr is Markov
for every finite F' C I.

2. Without loss of generality, we assume that I is finite. Define L, = {z € I :
1 <t} and R; = {1 € I : 1+ > t}. The Markov property is equivalent to

E(H 1g,(X3) Xt> = E(H 1g,(Xi) Xt> E(H L5,(Xi)
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Xt> (M)

for any collection (E;)c; in £.

3. Suppose that (W, X) : (Q,P) > R x E and (Z,Y) : (,Q) —» R x E are
identically distributed. If E(W | X) = ¥(X) for some Borel function ¥, then
VY(Y)=E(Z|Y). To prove this, take any £’ € £ and calculate:
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4. Write

E(ngi(Xi) Xt> = F(Xy)
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E(H 1g,(X;) Xt> = L(Xy)
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E(H 15,(X;) Xt> = R(X:)
1€R:

for Borel functions F, L, R. Equation (M*) becomes F(e) = L(e)R(e) for
L(X:)-almost every e € E. Since (Yi)ier and (Xi)ier have the same laws,
using the result in point 3 we see that the equation (M*) also holds for the
process (V7).



