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Abstract

The classical Dirichlet form given by the intrinsic gradient on I'ya
is associated with a Markov process consisting of a countable family
of interacting diffusions. By considering each diffusion as a particle
with unit mass, the randomly evolving configuration can be thought
of as a Radon measure valued diffusion.

The quasi-sure analysis of Dirichlet forms is used to find excep-
tional sets of configurations for this Markov process. We consider
large scale properties of the configuration and show that, for quite
general measures, the process never hits those unusual configurations
that violate the law of large numbers. Furthermore, for certain Gibbs
measures, which model random particles in R? that interact via a
potential function, we show, for d = 1, 2, that the process never hits
those unusual configurations that violate the law of the iterated log-
arithm.
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1 Introduction

In a pair [3, 4] of fundamental papers in 1998, Albeverio, Kondratiev, and
Rockner began a study of analysis and geometry on configuration space.



(This work had been previously announced in [1, 2] and anticipated in
the 1996 papers by Osada [11] and Yoshida [23].) One of the features of
[3, 4] was the construction of a configuration-valued Markov process using
a Dirichlet form based on an intrinsic gradient defined on configuration
space.

In this paper, we look at some sample path properties of the Albeverio-
Kondratiev-Rockner process in the case where the underlying manifold is
d-dimensional Euclidean space. For quite general stationary measures for
the process, we will show that the associated Markov process never hits
configurations that violate the law of large numbers. Furthermore, for a
Ruelle measure p with small activity parameter z the law of the iterated
logarithm (Proposition 3) holds for u-almost every configuration y € I'ga.
In dimensions d less than or equal to 2, we also show that the associated
Markov process never hits configurations that violate the law of the iterated
logarithm. We do so by proving that these sets of unusual configurations
are exceptional sets for the Dirichlet form.

2 Classical Dirichlet forms on configuration space

In this section we recall some of the basic definitions and properties about
the classical Dirichlet forms on configuration spaces. For more detailed
definitions and fuller explanations we refer the reader to [3, 4, 7, 13].

The space of locally finite configurations in R? is defined by

Tre :={y CR%: |yN K| < oo for every compact K}.

A configuration v will be identified with the Radon measure ZI@ €z. The
space [z« will be given the topology of vague convergence of measures, and
measures on [z« are defined on the corresponding Borel sets B(Iga).

For f € Co(R%) we let (f,7) be the integral of f with respect to the

measure 7, that is, (f,v) = >_,c, f(z). Define

FC = {wu(y) = g((f,7), (F27)s -5 (Fr 7))
for some f; € C°(R?) and g € C°(R™) }.

For u € FCg, we define the gradient VI'u at the point v € I'pa as an



element of the “tangent space” T,,(I'za) := L*(R% — R% ) by the formula

(97) (52) == 3 o2 (fus W) (a2, i) V).

1=1

Here V refers to the usual gradient on R%. It is not hard to prove that VI u
is well-defined, even though the representation of u as a cylinder function
is not unique.

Definition 1 For u,v € FCg° define the square field S(u,v) as the real-
valued function on I'ra given by

S(u,v)(7) = (Vu, Viu)p .,
B /Rd<(vpu)(’7;l')’(VFU)(7;$)>Rd7(d$)'

We will often use the abbreviation S(u) := S(u,u).
In this section we fix a probability measure p on I're with Radon mean,
that is,

/ v(K)u(dy) < oo for all compact K C R%. (u.1)
| )

R

Furthermore, assume that
Vi'u = VI p-ae. if u,v € FC° such that u = v p-ae. (1.2)

Definition 2 For u,v € FC{° define the pre-Dirichlet form by

ewv)i= [ St u)() ).

R

Let FC;”* denote the set of u-equivalence classes determined by FC{®.

Suppose that
(&, FC;>*) is closable on L*(T'pe; u), (.3)

and denote the closure by (£, D(£)). The conditions (u.1), (4.2), and
(.3) are the minimal requirements on p so that we can define the classical
Dirichlet form on configuration space. See Section 5 of this paper, as well
as [3, 4, 7, 13| for concrete examples of Gibbs measures that satisfy these
conditions.



We note that the square field operator S extends to the full domain
D(€) so that £(u,v) =1/2 [ S(u,v)du for all u,v € D(E). In addition, we
will frequently use the standard result for square field Dirichlet forms that
says if u,v € D(E), then u Vv, u Av € D(E) and

S(uvv)VvSunv)<Su)VvSv). (1)

Even under these minimal conditions on u it follows that (€, D(€)) is
a symmetric, quasi-regular, and local Dirichlet form. The quasi-regularity
and locality of (£, D(€)) has been proven for certain cases by Yoshida
[23], and in general by Ma and Rockner [7]. However, the proof of quasi-
regularity requires extending the state space to the set of multiple config-
urations:

Tpe := {Z, U {+o0}-valued Radon measures on R*}.

Since ['ga C T'pe and B(T'ga) N Tge = B(T'ra), we can consider u as a mea-
sure on (I'ga, B(Tpe)) and correspondingly (£, D(€)) as a Dirichlet form on
L?(Tpe; u). The associated strong Markov process (X;);>o has vaguely con-
tinuous sample paths since (€, D(€)) is a local form [6, Chapter V, Theorem
1.11]. Note that by [15, 8], if d > 2, the set ['za \ T'za is E-exceptional for a
large class of measures p on ['pa.

We recall the following results from Dirichlet form theory. Lemma 1
(see [19]) is used to prove that certain sets are £-exceptional while Lemma
2 gives us the interpretation in terms of the sample paths of (X:)¢>o.

Lemma 1 Letu, € D(E) be a sequence of £-quasi-continuous functions
with sup,, €(uUn, U,) < 00 and u, — u pointwise. Then u s an £-quasi-
continuous function, in particular, for u-almost every v € ['pa,

P, (t — u(X:) is continuous ) = 1.
If u is pu-square integrable, then u € D(E).

Lemma 2 A set N € B(Tpe) is £-exceptional if and only if, for u-almost
every 7y € Tpa,

P, (X; € N for some 0 <t < o0) =0.

We sometimes refer to proofs of exceptionality as capacitary since N is &-
exceptional if and only if Cap(N) = 0 for a suitably defined capacity Cap
on ['ze [6, Chapter III, Theorem 2.11].

4



3 Law of large numbers on configuration space

For | > 0 let C; be the cube (—(l +1/2),1+ 1/2]¢, and for every r € Z¢ let
Q, = 7+ (—1/2,1/2]%. Denote the Lebesgue measure of any Borel subset
G of R? by |G|. Define

LLN := {'y € Fpa : lim 7(Cn) exists} = {'y € Mpe : lim 7(G1) exists} .
nen |Gyl iery |Gy
Our goal is to show that the complement of this set has zero capacity.
In this section we fix a probability measure u on [z« that satisfies the
following conditions. In Section 5, we will see a class of Gibbs measures
that satisfy these conditions.

Conditions on y

(1.4) The measure p satisfies (u.1), (u.2), and (u.3) from Section 2.

(1.5) The measure y is translation invariant.

Proposition 1 recalls the well-known fixed time law of large numbers ([9,
Proposition 4.23]), while Proposition 2 gives the full capacitary version.

Proposition 1 The law of large numbers holds for p-almost every 7,
that is, u(LLN°¢) = 0.

Proof. Define the Abelian group (T} ),cz¢ of automorphisms on Tz« by
T.v(G) = 7v(G — r) for any bounded Borel G. The family {y(G) : G €
B(R%), bounded} is trivially an additive covariant spatial process in the
sense of [9]. Therefore, by [9, Proposition 4.23],

Ch
tim 72— 5,(Q0) | 7). e,

where H denotes the o-algebra of (T,),czqs-invariant sets in B(Tpa). O
Proposition 2 The set LLN¢ 1s £-exceptional.

Proof. For every n > 3, let 1, be a smooth function on R satisfying
L—(n-3/2)m-3/2] < Yn < L(—(nt1/2)n+1/2, and [¢;| < 1. Let ¢ be a strictly



increasing, smooth, bounded function on R with sup, |¢'(z)| < 1. Define a
continuous element of D(E) by

un(7) = ([ T1¥n(2:),7)/1Cnl)-

Taking the limsup through the inequality
|Cn72‘ ’Y(Cn 2) IY(C’"«)
¢ < <¢ ;
Cal 16l ) = =0,
we find that u(y) := limsup,, u,(7y) is equal to limsup, ¢(7(Cr)/|Crn]) =

¢(limsup, ¥(Cn)/|Chl).
We want to apply Lemma 1 to show that w is an £-quasi-continuous

function, so we begin by bounding the square field of u,,, which gives

S(un)) <77 2

Since C,, is an increasing sequence, there exists a sequence (7,,)mey in Z%
c
so C, = Ul "lQrm for n € N. Then

|Cnl 0o
ch XQ"‘m XQT‘m
CF S 2 e S 2 T

so that

Y(Ch) / / Xca ()
su d = su dzx d
/p cp e = [ s | XD |2 ) y(d) ()
Xc
su z dzx d
//p o %) y(da) u(d)

= y(dz) w(d)

IN

IN
%\»
§§

sms




Let us denote the random variable X*(y) := sup,cy¥(Cn)/|Cn|?>. For

fixedn € Nlet A, ={n,n+1,...,n+ 7} so that

sup ug(7y) = sup sup ug(7y).

k>n j k€A,
Now for each j € N, supycs, ux € D(€) and is £-quasi-continuous. Re-
peated use of (1) combined with the bound (2) gives S(supkeAj ug) < d X*,
and so

sup £ <sup Up, SUP uk> <d / X*(v) pu(dy) < oo.
J kcA; kcA; Toa

Applying Lemma 1, we see that the pointwise limit sup,.,, ur belongs to
D(E) and is &-quasi-continuous. In addition, the bound for the square
field also carries over; S(sups, ur) < dX*. Applying the same argument
to the decreasing sequence (suipk>n Ug )nen, We find that the pointwise limit
u belongs to D(€) and is £-quasi-continuous.

A parallel argument shows that v(7y) := liminf, . ¢(7(Cr)/|Cx]) is also
£-quasi-continuous. Since, by Proposition 1, the two £-quasi-continuous
functions v and v agree u-almost everywhere, they must agree except on
an E-exceptional set [6, Chapter IV, Proposition 3.3]. Applying the in-
verse function ¢! shows that the limsup and liminf agree except on an
E-exceptional set, which gives us the result. O

Remark. We only used the translation invariant property of u to get
Proposition 1 and to ensure that sup, ;. £,(7(Q,)) < oo. If u satisfies (u.4)
and sup,c;« E,(7(Qr)) < oo, then we can drop the translation invariance
and Proposition 1, and easily modify the proof above (along the lines of
[19, Proposition 5]) to conclude that lim sup,, X;(C,)/|Cy| is almost surely
constant in ¢ along sample paths. That is, for p-almost every v € Tz, we
have

Xo(Chn : X(Cn
P, {limsup ré | ) zllmsup%

and of course, the parallel result with the liminf.

Roughly speaking, this result shows that the large scale density of par-
ticles does not change over time, so that the law of large numbers holds (or
fails to hold) along sample paths exactly as at time zero.

In particular, this argument also gives the capacitary version of the law
of large numbers for (mixed) Poisson point processes in R?. This improves
Proposition 5 of [18] by removing the condition [, =z logt(2) A(dz) < oo.

for alltZO} =1,
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4 Law of the iterated logarithm on configuration
space

As in Section 3, let C, = (—(n + 1/2),n + 1/2]* be the centered cube
with volume (2n + 1)%, and set u, = E,(7(C,)), 02 = Var,(v(Cy)), and
Xn = (202 loglog02)/2. Letting S, = 7(Cy) — Ln, we define

LIL := {’y € Dpa: limsup& =1 and liminf& = —1} .
n Xn n Xn
Our goal is to show that the complement of this set has zero capacity.
We fix a probability measure u on Iz that satisfies the following condi-
tions. In Section 5, we will see a class of Gibbs measures that satisfy these
conditions.

Conditions on y
(1.4) The measure yu satisfies (u.1), (u.2), and (u.3) from Section 2.
(1.5) The measure y is translation invariant.
(u.6) There exist constants a,b > 0 so that 0 < a < 02/|C,| < b < 0.
)

(1.7) For bounded regions A;, (2 = 1,2) and ¥, € F(A,;) that are square
integrable, there are constants o, c > 0, depending only on z,¢, such
that

|Corr, (¥, ¥y)| < min{1,c|Af| e adPnh2)]

where d(A;, A) :=inf{|lz —y|| : ¢ € A1,y € Ay}, and AR :={z € R%:
d(z,A) < R}.

As with the law of large numbers, the proof of the law of the iterated
logarithm begins with the fixed time result, that is, we prove u(LIL¢) = 0.
The proof is based on the methods used in [10, 24], while replacing the
strong mixing condition there by the exponential mixing condition in (u.7).
The full proof of the fixed time law of the iterated logarithm appears in a
companion article [20].

Remark. The inequalities in (x.6) and the exponential bound in (u.7) are
used in [20, Lemma 3] to prove that o2 /|C,| — o2 for some 0 < 0? < o0 as
n — 0o. This means that the set LIL is unchanged if we replace x,, in the



definition by X, = (202|C,|loglog|C,|)*/?. From now on, we will use this
new definition of x,,.

Proposition 3 The law of the iterated logarithm holds for almost every
v, that s, u(LIL) = 0.

Proof. Setting z; = 7(Q;) — p for 1 € Z¢, the law of the iterated logarithm
is Proposition 1 of [20].

Lemma 3 (cf. [24, Lemma 1]) Let (r;)jen be a sequence in Z% so that
r, # 1 if 1 # j. Suppose (n;)jen are mean zero, square integrable
random variables so that n; € F(Q,,) for all j € N. Suppose also that
M := sup; Var,(n;) < co. Then there is a constant K < oo depending
only on z,¢, and the dimension d, so that for any n,

Var, <z”: nj> < K Mn, (3)

j=1
and
E, (mgx(m +- 4 nm)2> < K M n (log, 2n)?. (4)

Proof. To prove (3), it suffices to show that

K= supz |Corr, (7, m5)| < o0.
7 =1

We will apply (u.7) with Q,, and Q,. in place of A; and A,. Since |QF|
doesn’t depend on r, we can adjust the constants a and c (they now depend
on d) to obtain |Corr,(7;,n;)| < ce~®mTile. Since the r;’s are distinct, we
get

—a|ri—7jloo

[]s

ce

> |Corru(m,my)| <
7j=1

[
I
—

< Zce“"N#{j:|n—7’j|§N}
N=0
< Z ce (2N 4+ 1)% < co.

=
o

Since this sum is finite and independent of i, we get (3). The bound (4)
follows directly from [21, Corollary A3.1] (with § = 1). O
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Proposition 4 In dimensions d < 2, the set LIL¢ 1s £-exceptional.

Proof. For every n > 3, let 1, be a smooth function on R satisfying
1(—(n—3/2),n—3/2] S ’l/)n S 1(—(n+1/2),n+1/2], and |’Z/J;L| S 1. Let d) be a strictly
increasing, smooth, bounded function on R with sup, |¢'(z)| < 1. Define a
continuous element of D(£) by

un(’)’) — ¢ <<n¢_1¢n(mi)’7> _ p|Cn|> )

Xn

Taking the limsup through the inequality

Sn— n— Cn Cn— S’n
(S Xz £ Enal) <y < (22,
Xn—2 Xn Xn n

we find that u(y) := limsup,, u,(7y) is equal to lim sup,, ¢(S,/xx») = ¢(lim sup,, S»/Xn)-
Note that |C,, \ Cn_s| is of order n@~! while x, is of order n%/2loglog(n),
so that the condition d < 2 is needed to ensure that |C,, \ C,_2|/Xx» — 0 as
n — 00.
We want to apply Lemma 1 to show that w is an £-quasi-continuous
function, so we begin by bounding the square field of u,,, which gives

’Y(Cn \ Cn72)
S(un)(y) £d——5—. (5)
Xn
Now
7(071. \ Cn—z) < ’Y(Cn \ Cn—z) - p|Cn \ Cn—2| p|On \ Cn—2|
X2 = X2 + X2
C.) — p|C, Ch_s) — p|Ch_ C,\C,_
< v( )x2 PICx| N [7( 2)X2 p|Cr 2| N Pl ;2 2|
1 ((Cn) = pIChll | [7(Ch-2) — p|Chsl| +o
- 202 |Chl |Chn2] '

Together with (5) this gives us

sup (S(un)(7)) < ¢ (1 +sup ) ”'C"") .

n>3 n>1 | Cn |
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As in the proof of Proposition 2, let (7,,)men be a sequence in Z? so
C, = U'Tfi‘lQrm for n € N. Denote n,(y) = v(Qr,,) — p for m € N. By

applying Lemma 3, we have

fnd _an 77+.+77 n
[ oGl gy [l el g
T r

d MEN ‘Cn‘ wd TEN ‘Cn‘
< [ mpmtitnel g
[ q meEN m

= lim max M3t p(dvy)
m

k—oo i m<2k
R

. Z/ max ’771+“'+77m’,u(d7)
k—oo Py i 2l-1cm <2l m

A
5

(e 0]
1

< D g o Ikl ula)

oo 1 1/2

2

< ; S B <gnl§at§§(n1 + ot ) >

=1
< 22071) (CZZ 10g2(2l+1)2)1/2

< ¢y (1410277 < oo

Combining this estimate with Proposition 3, the proof is almost identical
with that of Proposition 2 and therefore is omitted. O

Remark. Rockner and Schied [14] have also recently proved a capacitary
version of the law of large numbers on configuration space using an inter-
esting approach based on an intrinsic metric p. Indeed, using their metric
it is easy to show LLN®NTre = {y € I'pa : p(7,w) < oo for some w €
LLN°NI'ga} so by [14, Corollary 3.2], u(LLN€) = 0 implies that LLNNTga
is £-exceptional. Their technique will also give a capacitary version of the
law of the iterated logarithm.

However, the Dirichlet form used in [14] extends (€, D(£)), but it is
not known whether the forms coincide. A form with a larger domain has
more exceptional sets, so proofs of exceptionality are easier in Rockner and
Schied’s setting, and do not imply exceptionality in our setting.
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5 Gibbs measures on configuration space

In this section we give some examples of Gibbs measures that satisfy our
conditions for the law of large numbers, and the law of the iterated loga-
rithm. Much of this section is adapted from [4] and [13].

Let o be a measure on R? that has a density p with respect to Lebesgue
measure satisfying p > 0 almost everywhere, and p'/? € H 1’2(Rd). Here

loc

H2>(R?%) denotes the local Sobolev space of order 1 in L2 (R%m). The

loc
Poisson measure m, with intensity measure o is the probability measure

on ['ra characterized by:

[ exs(tr )t = exp ([~ ota),

R

for f € Co(R%). A mized Poisson measure is given by:

,u::/ a0 AN(d2),
Ry

where ) is a probability measure on R, with fR+ z A(dz) < oo.

A pair potential is any measurable function ¢ : R — R U {+oco} such
that ¢(—z) = ¢(z). For a pair potential ¢, a bounded measurable subset
A in R4, and a configuration 7 € ['ge, the conditional energy of v in A is
given by the formula

Eﬁ(fy) = {Ecﬁ(a: —y) if Y |é(z —y)| < oo,

400 otherwise,

where the summation is taken over all pairs {z,y} C 7 such that {z,y} N
A # 0. We adopt the convention that a sum over the empty set is zero so
that Ef(’y) = 0 if either y(R%) = 1 or 4(A) = 0. We also define

Z2%(y) == /r d exp |:—E7\)('YAC - wA)} oo (dw).

R

Here ypc+w) is the configuration formed by combining the part of y outside
A with the part of w inside A. The parameter z > 0 is called the activity .

Definition 3 A probability measure u on I'za s called a Gibbs measure
with actwity z, pair potential ¢, and intensity measure o if, for every

12



bounded measurable A C R* we have Zf\"p('y) < oo for wu-almost every
v € T'ra and for every A € B(T'ga),

exp | — B (Yae + wy
w(A) = // 1a(yac + wp) p[ B + )] Too(dw) u(dy). (7)

Zx%(y)

rd'pd
We recall the definition of the cubes Q, = r + (—1/2,1/2]% for r € Z°.

Definition 4 (SS) A pair potential ¢ s called superstable if there exist
A >0 and B > 0 so that if A = U,crQ@, s a finite union of cubes,
then

EX(m) > ) [47(Q)° - B(Q:)]-

r€ER
(LR) A pair potential ¢ ts called lower regular if there exists a decreasing

positive function ¥ : N — [0,00) such that ) .. ¥(|7|) < 00, and
for any disjoint A" and A" that are finite unions of cubes, then we

have
J[ 4@ = wrtdontan) = - 3 (' - )i (@@
AN r' ' ezd

for all v € Tpe. Here |- | refers to the mazimum norm on R9.

(I) A pair potential ¢ is called integrable if [, | exp(—¢(z))—1|dz < oo.
Definition 5 A measure u on I'ra s called tempered if

. ng Y(@r)?
limsup —————

(2 1 1)° < oo for u-almost every 7y € I'ga.
l—o0

Definition 6 A probability measure p on 'ra s called a Ruelle measure f
W s a tempered Gibbs measure with activity parameter z > 0, intensity
o equal to Lebesgue measure, and a pair potential ¢ that 1s superstable,
lower regular, and integrable.

Suppose that u is a Gibbs measure and A a bounded measurable subset
of R% Let F(A) be the o-algebra of events A € B(T'pe) that only depend
on the part of the configuration in A, that is, Ia(y) = 1a(7a) for every

13



7 € I'ga. Exchanging the order of integration in (7), we find that u|z(,) is
absolutely continuous with respect to m,,|#(x) with density

W / 1Z20(7)) " exp [~ B (e + wn)| ). (8)

In other words, a Gibbs measure is always locally absolutely continuous
with respect to its corresponding Poisson measure. In general we have very
little information about the density (8), but for Ruelle measures it is known
to be bounded, with a bound that depends on |A|, the Lebesgue measure
of A. In particular, for any n € N, the moments satisfy

Bu(v(A)") < ¢(n, [A]), (9)

and every Ruelle measure u satisfies (u.1).
Another important tool in studying Ruelle measures is the family of
(infinite-volume) correlation functions p,, : (R*)™ — R given by

p’m(mla s 7m’m)

= 2™ exp(— Z ¢(z: — z;)) /

1<j Lpd

exp ( — > ($(mi - -),7>) w(dv).
1=1
These provide us with useful formulas for Ruelle measures:

| umuen = [ @i, (10)

(e = auen = [ [ 5@ eweevded. )

)
We now need additional smoothness and integrability assumptions on ¢
to ensure that p satisfies (u.2) and (u.3) from Section 2. Sufficient condi-
tions are obtained, for example, by adding to (SS) and (LR) the following:
(C) The function ¢ has compact support.
(D) The function e P? is weakly differentiable on R?, ¢ is weakly differen-

tiable on R?\{0} and the weak gradient V¢, which is a locally m-integrable
function on R%\ {0}, satisfies

/ Vp(z)|le P*®dz < oo and / IV(z)|?eP?™® dz < co.
R4 R4

14



Condition (I) follows as a consequence, and the corresponding Ruelle
measure p satisfies (u.1), (u.2), and (u.3). Thus [13, Theorem 4.8.2] ensures
that the classical Dirichlet form (£, D(€)), given by closing the pre-Dirichlet
form in Definition 2, is quasi-regular and local.

For sufficiently small z, by [17, Theorems 5.7 and 5.8|, u is the unique
Gibbs measure for ¢ and z, and is translation invariant. In particular, the
first correlation function p;(z) = p is constant.

Proposition 5 Let u be a Ruelle measure that satisfies (C) and (D). For
sufficiently small z, conditions (u.1)—(u.5) hold so that the complement

of the set
= . V(Cn
{’)’EPRd:T}Lnoloﬁ:p}

15 €-exceptional.

Proof. Since u is the unique Gibbs measure, it is translation-ergodic by
[12, Theorem 4.1}, so

E,(7(Qo) | H) = E.(7(Qo)) = p, p-a.e.

which gives the result using Proposition 1 and Proposition 2. O

Suppose u is a Ruelle measure whose pair potential ¢ satisfies conditions
(C) and (D), specifically ¢(z) = 0 if |z| > R. In addition, suppose that
the pair potential is non-negative, that is ¢(z) > 0 for all z. The non-
negativity of ¢ allows us to say exactly how small z need be for our results
to hold. Recall that we have assumed that the pair potential ¢ satisfies
C = [[1 — exp(—¢(z))] dz < co. Suppose that

z < (3eC) . (12)
This bound is more than sufficient, by [17, Theorems 5.7 and 5.8], to

guarantee that u is the unique Gibbs measure for ¢ and z, and is translation
invariant. Now from (10) and (11) we get

Uizpn+/ / ws(z,y) dz dy, (13)

where w, = p, — p?. For z satisfying (12), we have wy(z,y) = w2(0,y — z).
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Also, from (5.18) and (5.19) of [16, Section 4.5], we see that z/(1+Cz) <
p < z, while (4.37) of [16, Section 4.4] (with B = 0) gives

/|w2(0,m)| dz < z°eC/(1 — zeC)>.
Combining these inequalities we see that [ |w,(0,z)|dz < p if z satisfies

(12). From (13) we conclude that there exist constants a,b > 0 so that

0.2
O<a§|C"|§b<oo. (14)

In [22, Lemma 4|, Spohn proved an exponential L?-mixing for Gibbs
fields at low density. He showed that if the potential is positive, and if z is
sufficiently small (e.g. if the bound (12) holds), then condition (x.7) holds.
We simplified the expression from [22] by adjusting the constants c and a.

Proposition 6 Let u be a Ruelle measure that satisfies (C) and (D).
Suppose that the potential is non-negative, and that (12) holds. Then
conditions (u.1)—(u.7) hold so that u(LIL®) = 0, and if d < 2 the set
LIL¢ 1s E-exceptional.
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