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On the local property for
positivity preserving coercive forms

Byron Schmuland

Abstract. We show that, under mild conditions, two well-known definitions for the local property
of a Dirichlet form are equivalent. We also show that forms that come from differential operators
are local.
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The purpose of this paper is to clarify the relationship between two different notions of
locality that have appeared in the literature of Dirichlet forms. The first is a slightly
modified version of the definition of locality found in the book of Bouleau and Hirsch [BH
91; Chapter I, Corollary 5.1.4], while the second comes from the book of Ma and Réckner
[MR 92; Chapter V, Proposition 1.2]. But here we do not assume that the form satisfies
any normal contraction property, but only that it is positivity preserving (see Definition
0.1 below).

Let (E,F, m) be a measure space, and suppose (£, D(E)) is a densely defined, closed,
bilinear form on L2?(E, F,m). Following [MR 92], we call such a form (&, D(£)) coercive
if £(u,u) >0 for all u € D(E), and for some K > 1 we have,

1E(u,v)| < K& (u,u)/2E (v,v)Y? for all u,v € D(E), (0.1)
where we define & (u,v) := E(u,v) + (U, v) L2(E;m)-
Definition 0.1. The following are various contraction properties that the form (€, D(£))
may satisfy:
(C1) If u e D(E), then ut € D(E) and E(u™,u™) < 0.
(C2) Ifue D), thenunle D(E)and E(uAl,u—uAl)>0.
(C3) Ifue D), thenuAle D(E)and E(u—uAl,unl)>0.

Condition (C1) is equivalent with the positivity of the associated semigroup (7}):>o,
(and hence also the dual semigroup (7});>0); that is, for v € L? if 0 < u, then 0 < Tyu.
Hence, a form (£, D(E)) satisfying (C1) is called positivity preserving. Condition (C2)
is equivalent to the Markov property for (T});>0; that is, for u € L? if 0 < u < 1, then

0 < Tiu < 1, while condition (C3) is equivalent to the Markov property for the dual
semigroup (73);>0. We note that either of (C2) or (C3) implies (C1). A form (£, D(E))
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satisfying either of (C2) or (C3) is called a semi-Dirichlet form, while if it satisfies both
(C2) and (C3) it is called a Dirichlet form. Contraction properties and their relation with
associated semigroups are studied, for example, in [F 80], [BH 91; Chapter 1.3], [MR 92;
Chapter 1.4]. These references also discuss Markov processes associated to Dirichlet forms.
A treatment of associated Markov processes for semi-Dirichlet forms can be found in [MOR
93], and the positivity preserving case is covered in [MR 93|. From now on (£, D(£)) will
always denote a coercive form and we always equip D(€) with the norm coming from the
inner product &£. Ancona has shown [An 76] that if (£, D(€)) is a positivity preserving
coercive form, then the mapping u — u™ is strongly continuous on D(&). We shall use this
result throughout.

Notation. For functions u, v on F, notation like © < v or u = v is always to be understood
in the m-almost everywhere sense. We will often omit the qualifier "m-a.e.".

1. The two local properties

In this section we compare two definitions of locality for coercive forms (see Definition
1.2 below). One of them, (L2), makes topological assumptions on the space F, while the
other, (L1), has the advantage of making sense on any measurable space E. Nevertheless,
in practice, it is the relationship between the local property and the topology on E that
is of interest. In particular, if the topological assumption (T) holds and if (€, D(£)) is a
quasi-regular semi-Dirichlet form, then property (L2) is equivalent to the continuity in E of
the sample paths of the associated Markov process (cf. [MR 92; Chapter V, Theorem 1.5]
and [MOR 93; Remark 3.10]). Hence this is also true for quasi-regular positivity preserving
coercive forms and their associated h-processes [MR 93].

Definition 1.1. We say that condition (T) holds if F is a topological Hausdorff space, m
is a o-finite Borel measure on E, and (&, D()) is a coercive form on L?(E,B(E),m).

When (T) holds, for any m-square integrable Borel function u we define the support of
u, supplul, by
supp[u] = (Uaef‘oa)c7 (1'1)

where the union is over all open sets O, such that [ o u? dm = 0. We note that if u = v
m-a.e., then supp[u]=supp[v], so the support is well-defined on L*(E,B(E), m).

Definition 1.2. Here are the two defintions of locality that we wish to compare.

(L1) The form (&€, D(€)) has local property (L1) if, for u,v € D(E) with uv = 0, we have
E(u,v) =0.

(L2) Suppose that (T) holds. The form (£, D(€)) has local property (L2) if, for u,v € D(E)
with supp|u]N supp[v] = 0, we have £(u,v) = 0.
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Definition 1.3. Suppose that (T) holds. Then we define the following:
(a) For any closed set F' C E we define

D(E)p={ueDE)|u=0m—a.e. on F}. (1.2)

(b) An increasing sequence of closed sets (Fj)remw is called an E-nest if U D(E)p, is dense

in D(E). )

(¢) A function f : E — IR is called £-quasi-continuous if there exists an E-nest (Fi)renN
such that f|p, is continuous for each k € IN.

Proposition 1.4. Suppose that (£, D(E)) is a positivity preserving coercive form and
that assumption (T) holds. If E is strongly Lindeldf, then (L1) = (L2). On the
other hand, if the following two conditions hold, then (L2) = (L1).

(a) Every uw € D(E) has an E-quasi-continuous m-version .

(b) There exists an £-quasi-continuous m-version Zz of some h € D(E), and an E-nest
(Fi)kew so that h|g, is continuous and inf,cp, h(z) := d; > 0 for each k € IN.

Comment.
(i) For a semi-Dirichlet form (&£, D(£)), conditions (a) and (b) above follow if there is a
dense set D in D(E) such that every u € D has an £-quasi-continuous m-version .

(ii) By [MR 93], conditions (a) and (b) are true for any quasi-regular positivity preserving
coercive form.

Proof. If E is strongly Lindel6f, the open set U,er O, has a countable subcover (O,,)nem,
and so

/ u? dm = u? dm < Z / u? dm = 0. (1.3)
Uael"oa UnE]NOn nelN (%

That is, © = 0 m-a.e. on the complement of its support. Therefore, we have uv = 0
whenever supp[u]N supp[v] = 0, and so the implication (L1) = (L2) is trivial.

Now suppose that (L2), as well as conditions (a) and (b), hold and let u,v € D(E)
with uv = 0. We must show that £(u,v) = 0, and by separate consideration of &(u*,v™),
Ewt,vh), E(u™,vT), and E(u™,v™), we may assume that u > 0 and v > 0.

Let (Fj)rew be an E-nest and 4 an E-quasi-continuous m-version of u so that @|p, is
continuous for each k € IN. By intersecting with the nest in (b), we may also assume that
h|p, is continuous and inf,ep, h(z) := 8 > 0 for each k € IN. Since (Fj)rem is an E-nest,
we can find sequences (up)new and (Vm)mew in UgD(E)p, so that u, — u and v, — v
in D(E). Since the mapping u — u* is strongly continuous, we have v — ut = u and
vt — vT = v. It also holds that u,f Au — u and v}t Av — v in D(E). So without loss of
generality we may assume that 0 < u,, < wu and 0 < v, < v for all n,m € IN.
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Fix n,m € IN and choose k € IN so large that u,,v,, € D(E)p,. Let z € supp[(u, —
eh)™]. Then for every open neighborhood O of z we have

/O((un - <€h)+)2 dm > 0, (1.4)

which implies

/ ((u—ah)+)2dm > 0. (1.5)
ONFy
This means that the set

ONF,N{z|u(z) —eh(z) >0} CONFp N {z|u(z) > by} (1.6)

is non-empty. Since this holds for every neighborhood O, it follows that z belongs to the
closed set Fy, N {z|u(z) > dx }, that is,

supp|(un, — eh)t] C F, N {i > b }. (1.7)
On the other hand, uv,, = 0 so
0= / UV, A > (eék/Q)/ U, A, (1.8)
{ﬁ>56k/2} {7]>E5}€/2}
which gives
/ vZ dm = 0. (1.9)
{a>edi/2}

Since we already know that [, v2, dm = 0, we have
k

/ v2 dm = 0, (1.10)
{@>edk /2}UFE

and, as the set {@ > €6;/2} U Ff is open, we conclude that supplvy,] C {@ < ed;/2} N F.
In other words, supp[v,] N supp[(u, —eh)t] = 0, so by (L2)

E((up —eh)t,v,) = 0. (1.11)

Letting ¢ — 0, then n — oo, and finally m — oo gives the result £(u,v) = 0. O

2. Examples of local forms

This section is dedicated to showing that forms given by differential operators are local
in the (L1) sense. This result is not surprising, but it is, nevertheless, not trivial to check
since it involves the behaviour of the form &, not only for functions w in a nice core, but
also for their positive parts u™.

The following example is the prototype for a non-symmetric form on a (possibly) infinite
dimensional space. This example suggested the form of Proposition 2.3 which follows.
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Example 2.1. (cf. [MR 92; Chapter II, Section 3])

Let E be a locally convex topological vector space which, in addition, is Souslin. Let m
be a finite positive measure on B(FE) such that supp|m|=F. Let E’ denote the dual of £
and g (, )g : B/ X E — IR the corresponding dualization. Define a linear space of functions
on F by

FCr ={f(l1,...,lm)|me N, f € C°(R™),l1,...,l, € E'}. (2.1)

Here Cp°(IR™) denotes the set of all infinitely differentiable functions on IR™ with all
partial derivatives bounded. By the Hahn-Banach theorem, FC}° separates points of F;

hence, since B(E) = o(E'), the space FC;° is dense in L?(E;m) by the monotone class
theorem. Define for u € FCy° and k € E,

ou d
%(2) = £u(z + sk)|s=0, z € E. (2.2)
Observe that if u = f(l1,...,0y), then
0 )
O_Z = 3—3{@1» o lm) e (lis k) B € FCF. (2.3)

Now assume that there exists a separable real Hilbert space (H,(, )m) densely and
continuously embedded into E. Identifying H with its dual gives E' C H C E, so that
g (, )E restricted to E’ x H coincides with (, ). By (2.3), for each u € FC;° and z € E,
the map h — (Ou/0h)(z) is a continuous linear functional on H. Define Vu(z) by

(Vu(z),h)g = %(z), h € H. (2.4)

Now suppose we are given A € L>*(E — L(H);u), byd € L*(E — H;u), and ¢ €
L*>*(E; p). Define for u,v € FCg®°,

E(u,v) = /(AVU,VU)H dm + /(b, Vu)gvdm .
+/u<d,Vv>Hdm+/uvcdm.

We also suppose that the form (€, FCp®) is positive definite and closable in L?(E;m), and
that for u,v € FC}° the following hold:

(a) (AVu, Vu)g > 0 and [(AVu, Vo) g| < K(AVu, Vu) i/ ?(AVo, Vo) 1/?, for some K > 1.
(b) [(|(b, Vu) grv| + |uld, Vv) g | + uve|) dm < K & (u, u)'/? & (v,v)'/2, for some K > 1.

If these conditions hold, then the closure (£, D(£)) is coercive, and Proposition 2.3 below
shows that (£, D(£)) is local. Indeed, assumptions (a) and (b) above imply that conditions
(a) and (b) in the statement of Proposition 2.3 hold, while conditions (c)-(f) follow easily
from pointwise multiplication and the chain rule on FC}°. Therefore Proposition 2.3 is
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valid for (£, D(€)) and it follows that (£, D(E)) satisfies the contraction property (C1),
and also the local property (L1).

Lemma 2.2. Suppose (£,D(£)) is a closed, coercive form on L*(E;m). If there is a
dense set D in D(E) such that uw € D implies vt € D(E) and E(ut,u~) = 0, then
(€,D(E)) is positivity preserving and satisfies the local property (L1).

Proof. For w € D we have ut € D(E) and E(ut,u~) < 0. It is not hard to show (cf.
[MR 92; Chapter I, Lemma 4.9]) that this carries over to all of D(E), that is, (€, D(E))
is positivity preserving. By hypothesis and Ancona’s continuity result we have, in fact,
E(ut,u™) =0 for all w € D(E). Now let u,v € D(E) so that uv = 0. We must show
that £(u,v) = 0, and by separate consideration of £(u™,v™), £(ut,v"), E(u™,vT), and
E(u™,v7), we may assume that u > 0 and v > 0. Then v = (u —v)" and v = (u — v)~ so

E(u,v) = 0. O

Proposition 2.3. Suppose (£,D(€)) is a closed, coercive form on L*(E;m). Also,
suppose that D is a dense, linear subspace of D(E), consisting of bounded functions
and that D is closed under pomtwise multiplication. Suppose also that for u,v € D
we have E(u,v) fzz (Li(u,v)dm, where (T;)i_, are bilinear maps from D x D
into L'(FE; m) satisfying for all u,v,w € D:

(a) Ty (u,u) >0 and |Ty(u,v)| < KTy (u,w)/2T(v,0)/2, for some K > 1.
(0) [(IT2(u,v)| + |T3(u,v)| + |Ta(u,v)|) dm < K E (u,u)/2E (v, v)1/2, for some K > 1.
(c) T'1(uwv,w) = ul'y (v,w) + vI'1 (u, w).

(d) To(uv,w) = ul's(v,w) + vly(u,w), and Ty(w, uv) = ul'y(w,v) = vl (w, u).
(e) Ts(uv,w) = ul's(v,w) = vl'3(u, w), and I's(w,uwv) = ul's(w,v) + vls(w,u).
(f ) Ta(uv,w) = ul'y(v,w) = vl4(u,w), and T'y(w,uwv) = ul'y(w,v) = vly(w,u).

Then (€,D(E)) is positivity preserving and satisfies the local property (L1).

Proof. We begin by noting that conditions (a) and (b) imply that each of the bilinear maps
(F )f 1 can be extended continuously to all of D(£) in such a way that the representation

— [ 32 | Ti(u,v) dm holds on all of D(E).
Suppose that P is a polynomial on IR with P(0) = 0. Then P(z)/x is a polynomial,
which, by the mean value theorem, satisfies

|P(z)/z] < sup [P'(§)]. (2.6)
0<¢|<]al

For u,w € D and such a polynomial P, we have P(u) € D(€) and, by conditions (c)-(f),
1 (P(u), w) + To(P(u), w)| = [P’ (u) (T (u, w) + Ta(u, w))], (2.7)
and

[T3(P(u),w) + Ta(P(u), w)| = [(P(u)/u) (Ts(u, w) + Ta(u, w))]. (2.8)
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From (2.6)-(2.8) and condition (b), there exists a constant ¢ > 0 such that

E(Pu),w)| < sup  [P(E)[E(u,u)2E (w,w) 2. (2.9)
0<[¢]<lulloo

Adding [ P(u)wdm, and using (2.9) gives the bound

[E1(P(u),w)| < (c ol IP(€)] + 1) & (u, u) /2 (w, w) /2. (2.10)

Taking the supremum over w € D with & (w,w)'/? < 1, yields

E(P), P@)2 < (¢ sup  [P(E)]+1) & ()2, (211)
0<léI<lulloo
Fix u € D and set I := [—||u||co, ||t]|oo]- Define f,, to be the function on IR with f,(x) =1

for z < —1/n, fn(z) =0 for z > 0, and so that f,, is linear between —1/n and 0. By the
Stone-Weierstrass theorem we can find a polynomial @ so that |Q), (z) — fn(z)] < 1/n

for all z € I. We set P/ =1 — (@), and define two sequences of polynomials that vanish at
zero by setting
Qn(x) := / Q.. (s) ds, and P.(z) = / P! (s)ds. (2.12)
0 0
Then for x € I we have
| P ()] V[P () V [Qn ()] V Q4 (2)] < 2 (JJulles + 1), (2.13)
and, as n — 00,
0, z<0; 0, z<0;
+ / ) ’ ) =
pw-at Pw-{Y IS0 nae-{Y TS0 e
_ 1, =<0 1, x<0;
Q- Qw-{y IS0 a@s-{ TS0 e

It follows by (2.11) and (2.13) that the sequences (P, (u))nenw, (@n(u))nen, and also
(Pn(u)Qn(u))new are bounded in D(E). As well, we have P, (u) — u™, Q,(u) — u~, and
P,(u)Q,(u) — 0 in L%(E;m), so by using the Lemma from the appendix we can find a
common subsequence (n;);eN so that

P, (u) — ut,

(1/N)

] =

7

Il
—

WE

(1/N) ) Qn,(u) = u, (2.16)

(2

I
MR

] =

and  (1/N)S Py, (w)Qu, () — 0,

K3

I
i

each of these sequences converging strongly in D(E).
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We now show that I'y(u™,u~) = 0. From condition(c), for any w € D we have

L'y (P, (w)@n, (u), w) = Py, (u)T'1(Qn, (w), w) + Qy, (w)T'1(Fy, (u), w), (2.17)
and hence
1 N 1 N
N Z ( ( )Qm Z Fl in( ) ) + N Z Q;Ll (U)F1<Pm. (u), w).
- = (2.18)

By (2.16) we have L!'-convergence so we can find a common subsequence (Ni)kenN that,
m-a.e. on F, satisfies

Ny,
(1/Nk) ZR(Pm (u), w) — T1(u’,w),
Ny
(1/Nk)ZF1(Qm (u)vw) - Fl(u_aw)7 (2'19>

and  (1/Ny) Zn s (1) Qi (), w) — 0.

We note that

IP1(Qn(u), w)| < sup |Qn ()| [T1 (u, w)| < 2|y (u, w), (2.20)

and

T2 (P (u), w)| < sup |12y ()| [T (u, w)| < 2| (u, w)], (2.21)

so that the sequences (I'1 (Qn(u), w))new and (I'1(P,(u),w))neN are bounded m-almost
everywhere. We use this boundedness, along with (2.19) and the fact that P} (u) — 1¢,>0)
and @, (u) — 1(y<0) m-a.e., and take pointwise limits along the subsequence (Ny)rew in
(2.18) to obtain

0= l(uZO) Fl(u_, 'U)) -+ 1(u<0) I‘l(u+, w) (222)

In other words, 1(,>0) I'1(v™,w) = 0, and 1<) I'1(u", w) = 0 for all w € D. By continuity

these equations extend to all w € D(&). In particular, T'1(u™,u") = 0 on (u < 0) and
I''(u™,u”) =0 on (u>0). This implies that

Ty (v, u™)| < KTy (ub, w20 (u™,u) 2 =0 (2.23)

on all of F.
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Now for n,m € IN we have

E(Pa(w): Qun() = [ T1(Pa(w): Q@) + PA(wL2(u,0) (@) di
4 [ (a0 P )@ () + (Pafa) /) T, 0) (@) ) .

(2.24)
Using dominated convergence and letting first n — oo and then m — oo we get
Eut,u™) = /I‘l(u+,u_) + 1(uZO)F2(u+7u_>1(u<O) dm
_ _ 2.25
+ / Lwso)D3(u™, u™ ) (uco) + Lus0)Ta(u™, ™)1 (ueo) dm (2.25)
=0.
An application of Lemma 2.2 completes the proof. O

Comment. If T'; satisfies the product rule in both entries, then conditions (a) and (b)
can be dropped, and a much shorter proof is possible along the lines of equations (2.24)
and (2.25).

Appendix

Lemma. Suppose (up)new is bounded in D(E) and that u, — u in L*(E;m). Then
up, — u weakly in D(E), and there exists a subsequence (un, ke with the prop-
erty that for any further subsequence (unkj )jen, the Cesaro means (1/N) Zjvzl Uny,

converge strongly to u in D(E).

Proof. Without loss of generality we take © = 0. The weak convergence of u,, follows from
[MR 92; Chapter I, Lemma 2.12]. We now select a subsequence with the second property.
Take n; = 1, and if ny,ng,...,ny have been chosen we select ny41 > ny so that

2171:; 1 (Un s Uy, )| < 27D, (2.26)

which is possible since u,, — 0 weakly in D(£). We note that for every i € IN, we have

D E (Unun,)| < )27V =1 (2.27)
N=1

Jj>i
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Letting ¢ := sup,, €(un, uy,) we have for any further subsequence (Uny, )jeNs

E(A/N) 3t (1/N) Zunkj)

2 N 2) N (2.28)
< (1/N?) Z unkj,unk + (2/N°) Z Z (Uny, » “nkj)
=1 i—1i<j<N
< (¢/N) + (2/N),
which converges to zero as N — oc. ad
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