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DIRICHLET FORMS WITH POLYNOMIAL DOMAIN

B. SCHMULAND
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ApsTrACT. We consider a pre-Dirichlet form £ definedon a polynomial core. It is shown that
the local and Markov properties for the closure € follow from the product rule for the gradient;
or more generally, from the product rule for the square of field operator. The usual functional
calculus for the square of field operator is also established.

0. Introduction. When using Dirichlet forms to study diffusion processes one usually
begins with a finite measure space (E, B, m) and a bilinear form of the type

(0.1) £(,0)=1/2 [ (V1. Va)dm
DEY=P

where P is a suitable core of functions, dense in L?(m), and V is somesort of gradient.
Recall that such a non-negative definite, symmetric, bilinear form (£, D(€))on L*(m) is
closed if D(E) is complete with respect to the norm given by €5 := £ + (, )p2(m). The
form (£, D(£)) is called closable if it has a closed extension, in which case its smallest closed
extensionis called its closure. If (£, P} is closable, we then try to establish certain properties
of its closure (€, P). The Markov property, defined below, is especially important since it is
a necessary and in many cases sufficient condition for the existence of an associated Markov
process with state space E. The construction of this process can be found in [9] for the case
where E is a locally compact separable metric space, and [1,2,4,10,13] for spaces E which
are not locally compact.

Definition. Let £ be a non-negative definite, symmetric, bilinear form on a (real)
L*(E, B, m) space, where m is a finite measure. The form (£, D(£)) has the Markov property
if for any £ > € there exists ¢, : IR — [—£, 1 + ¢] satisfying:

(i) de(t)=tforallt e [0,1] and 0 < ¢.(ta) ~ ¢ (t;) <ty —t; forallty,ty € R,y < ty.
(ii) ¢, ou € D(E) for allu € D(E).

(iii) £{¢e o u, . ou) < E(u,u) for each u € D(£).

Now if P is closed under composition with C} maps, and provided the gradient V satisfies
the chain rule, then the form given in (0.1) is clearly Markov. It is known that this entails
the Markov property for the closure (£, 7). However, it is often convenient to begin with a
core P, of possibly unbounded functions, where (£, P) is not Markov. In this case, it can
still happen that the closure (£, P) is Markov. In section 2, we show that it suffices to check
the product rule for V on the core P in order to guarantee the Markov property and the
local property for the closed form (£, P).
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1. Approximation by polynomials over finite dimensional spaces. The first
result we need gives a condition on g so that the polynomials are dense in L2(IR*; u). This
is a known result which can be found in a paper by Dobrushin and Minlos [6], for example.

Lemma 1.1. Let y be a measure on IR® satisfying

fezc%m%;g(dm} < oo

k

j=11%;]. Then the polynomials are dense in L¥(p).

for some ¢ > 0, where |z| =3

Proof If g € L?(u), then the function ¢ : €% — @ given by
r i N ®;7;
#z) = B,y m) = [ o Lom T g(@)ulda)

is analytic in the region S*gp [Im(z;)] < c. If g is orthogonal to the subspace of polynomials,
j=1

then ¢ vanishes together with all its derivatives at z = 0, and so ¢ = 0 throughout the

region. In particular ¢ = 0 on IRF so by the inversion theorem we find that

by bk
[ [ stmtan) =0
Gy By

for all but countably many {a1,b1,...,az,bx}. Hence g = 0 in L%(y), which completes the
proof. §

HRemark. For a measure g on the real line, a result of M. Riesz says that the polynomials
are dense in L?(y) if and only if the measure v(dz) = u(dz)/1+2? is uniquely determined by
its moments. We refer the interested reader to Freud’s book [8] on orthogonal polynomials
for details. In higher dimensions the situation is more complicated, and necessary and
sufficient conditions do not appear to be known.

Definition. For f € C(IR*) and 1 < i < k we define I,f € C(IR*) by

sz(x}zj/ f{xg,eH,Qfg__g,ygilfé.yl,su,ﬂfk)dy
o
so that 8/8z;(I;f} = f. By Cauchy-Schwarz it is easy to see that

(L) (=) < (Lf*)(@)w:.

Definition. Suppose p is a measure on IR* So that [ e*®ldy is finite for some ¢ > 0.
We define the measure J;p in the following way: First we disintegrate p with respect to the
projection 7; : IR* — {z; = 0} ~ IRF~!, that is, we find a kernel p; : IR*~! x B(IR) —
[0, 00) so that for all bounded, measurable u on IR* we have

[ wemtz)

:/ /u(ml,...,;c,-_l,s,a:,~+1,...,mk)pi(m(w);ds)dm(u).
mk-1 JIR
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Secondly, we define a new kernel

([ tpi(dt))ds s> 0

pi(mi(z);ds) = { (2 —tpildt))ds  s<0

and finally we let J;u be the measure with image 7;u under 7;, and kernel 5;. We note that
/ewimfd.fg;ﬁ < 400

for ¢ < ¢
Lemma 1.2. The map I, : L2(J;p) — L?(u) is continuous on the polynomials.

Proof. [(I;PY?du < [(I;P%)zdp = [ P?dJ;p, where the equality follows from Fubini’s
theorem.

Proposition 1.3. Let p satisfy [ e*®ldy < 400 for some ¢ > 0, and define
171 = [V5-9sdu+ [

If f € CYIRF), and ||fll1 < oo, then f can be approzimated in || - ||1-norm by polynomials.
Proof. If ||f|ls < 400, then by multiplying with appropriate bump functions it is easy

to show that f can be approximated in [l - |[i-norm by functions with compact support.
Accordingly, we take f with compact support and without loss of generality, assume the
support lies in {z: > 0,..., 2z > 0}. Also the convolution of f with smooth mollifiers whose
compact supports shrink to zero, yields a sequence {f,} of C§° functions so f, — f and
V fn — V[ uniformly. So without loss of generality we assume that f € Cg°(IRF). Define
the measure v = S0 Ji(-+ Jopy (Jig (- (Jop) -+ ) + Je(- -+ (Jig) - ). By Lemma 1.1

we can choose a sequence {F,} of polynomials so

a g

P, e e
- 3:!21 B:L'k

in L?(v). If we define the polynomials @, = I ... I P,, then repeated use of Lemma 1.2.
shows that
3]
axi

and @, — f, all convergence taking place in L?(p).

Qrn — —?—f Vi=1,...,k
6&95

2. The product rule and some consequences. Let (E, B, m) be a finite measure
space and suppose I is a linear subspace of L?(m) satisfying
(i) For each u € U, there exist constants K, c > 0 so that for all t > 0 we have

(2.1) m{z: [u(z)] >t} < Ke .
(it} The o-algebra generated by U is B.

These two assumptions, combined with Lemma 1.1, show that the algebra generated by
U U {1} is dense in L2. That is, if we let

P ={P(ug,...,up): u; €U 1<i<k, Pisapolynomial on IR;“},
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then P C L? and is dense in the L?-metric. Suppose I' : U x U — L°°(m) is a symmetric
bilinear map such that I'(u,u) > 0 a.e. for all v € 4. We also assume that the product rule
holds on U, e, I f,g,h, fg € U, then

(2.2) I(fg,h) = fT(g, k) + gT(f,h) ace.

Using linearity, the product rule and setting I'(1,u} = 0 for all v € U, we find that I" can
be extended to P as a mapping into L(m). We now set

(f,9) = 1/2 [ T, 9)dm
{2.3) DEY=P
which is a densely defined, non-negative definite, symmetric bilinear form on L?(m). We
will assume that (£,P) is closable and let (£,P) denote its closure.

Remark. The map I is called the square of field operator and the eqguation {2.5) in
the statement of Proposition 2.2 is called its functional calculus. Bouleau and Hirsch [5]
established this result for a closed form which was assumed to be Markov, local and satisfy
the hypothesis of representability:

26(fh, 1)~ (b, 1) = [ DS, f)dm

for all f,h € D{(E)N L. Note that the product rule (2.2) gives us this equation for the form
(£,P) in (2.3). Our approach is the reverse of that used by Bouleau and Hirsch; we assume
{2.2) and {2.3) hold on a core P, and first establish the functional calculus for the square of
field operator. Then the Markov and local properties for the closure follow as corollaries.

Lemma 2.1. If {p.} and {g,.} are £-Cauchy sequences in P, then U(p,, g,) is Cauchy
in L*{(m).

Proof. The positivity of T gives us a Cauchy-Schwarz inequality

(2.4) IT(f,9)] <TY2(f, /)T %(g,9) ace.

Thus we see {0F Pn, Pms Gns 9m € P

T{pny 2n) = T(Pms gm )
S IT(Pn @n =~ g )| + [0(Pr — Py )|
< Flﬁ(pmpn}rug{gn = Gmy@n = Gm)
+ Flﬁ(?ﬁ ~ Pms Pn pmérl'fz{qma Gm)-

Integrating with respect to m, and using Cauchy-Schwarz in L?(m) yields

1f2/{F(Pan) - F(pmﬂ?m);

< gl/z(Pn;pn)glfz(Qn ~ JmsGn — Qm)
+ 81/2(Qm: Qm)gi/g(Pn = Pms Pn — pm):
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so that if {p,} and {g,} are £-Cauchy then I'(py, ¢,) is Cauchy in L*(m). §

Using the previous lemma we find that T’ can be extended to P in a unique way so
(i) T(f, f) € L*(m) and T'(f, f) > 0 ae. for f € P.
(i) £(f,9) = 1/2 [T(f, g)dm for f,g € P.
(ili) fan — f,gn — g in £;-norm implies I'(f,, g,) — ['(f, ) in L*{m).

Definition. If f = (fi,...,fx) and g = (g1,...,0:) € (P)* we let ['(f,g) be the
k % k — matrix valued function

(T'(f,9))i; = T(fi, 95)-

Notice that I'(f, f) is (a.e.) symmetric, and positive definite. For ease of notation we write
() =T 1)

From the product rule (2.2) it follows that if v = (uy,...,u,) € U™ and P,Q are poly-
nomials on IR™, then

L(P(u), Qw)) = (VP(u), I'(u)VQ(u)).
Hence if p = P(u) = (Py(u),..., Pr(u)) where {P,;}are polynomials on IR", then

(I(p))ij = (VPi(u), (w)VPj(u)).
The chain rule now shows us that for ¢ € C'(IR*), we have
(V(# o P)(u), () V(¢ o P)(u)) = ((Ve)(p), T(p)(V)(p))-

This equation is a crude version of the chain rule for P that we will demonstrate below.

Proposition 2.2. If f = (f1,..., fr) € (P)¥ and ¢ € CL(IRF), then ¢(f) € P and

(2.5) L(e(£) = (V) S, TUNV I

Proof. First we prove the result for functions f of the form
p= P(u) = (Py(u),..., Py(u)) € P
where v = (u1,...,u,) € U". Let p be the distribution of « on IR". By assumption
{2.1) and Lemma 1.1 we can find polynomials @,, converging to ¢ o P in || - ||;-norm. By
taking subsequences we can assume that @, — do P and V@,, — V(oo P} g-a.e. on IR,

which means @,(u) — ¢ o Plu) and (V@ }{(u) — V(g o P}{u) m-a.e. on E. Now since
I'(u) € L% {m) componentwise, there is a constant ¢ > 0 so

[ ((9Qu(w) = V@), T (V@ (a) = T @un(u)))
[ Uy - k73 2 T
< L 1VQn(t) = V@ ()|
= / 19Qn — V@l *(2)u(da)
-
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which shows that Q,(u) is £;-Cauchy. By the pointwise convergence we know the limit is
(¢ o P)(u) and so ¢ o P(u) € P with

D(¢ 0 P()) = im (Qn(v)
= lim ((VQ.)(), [(u)(V@n) ()}

= (V(¢ o P)(u), T(u)V(¢ o P)(u))
= ((Vé)(p), [(p)(Ve)(p)).

We've shown that the result is true for p € P*, we now want prove it for f € (P)*. Let us
fixp=1{(p1,....0c) and ¢ = {(¢1,... @z} € Prpe CHIRF) and let c= sup{|8¢/fz;(z)] 1 z €
IRF, 1 <4 < k}. We've just seen that ¢ o p and ¢ o ¢ belong to P, we’d also like to show
that they are close together if p and ¢ are. Consider the equation

(2.6) F(pop)-T(¢op,doq)
= {(Vo)(0), T(0)(Ve)(p)) — ((Ve)p), T(p,a)(Ve)(q))
= {(Vé)(p), T(®)(V)(p) — (V&) )]
+ {{(V)(p), (p, p — ) (V) 9))-

Let’s first lock at the second summand on the right hand side. Integrating with respect to
dm, and using (2.4) combined with Cauchy-Schwarz on L?{m) we obtain the bound

/ (V6)(0), D(p, p — 0)(V)(a))]dm.
< Z f ID(pis p; — g;)|dm

ij=1
(2.7) < c? ZlfF}/z(p Fl/r“(pj — g;)dm
’j
<@ Y ([T ([0, - am)”
£,5=1
251/2 Pi, pi)) 281/2(% - 4;,p5 — 45))-
i=1 F=1

We are now in a position to prove the main result. Suppose f € (P)* andlet p, =
(P1,ns- - s Pem) € P* converge to f in £;-norm componentwise. By taking a subsequence
we may also assume that p;, — fi and I'(pin) — T'(fi) almost everywhere on E, for
i=1,...,k Now D(¢0pn — $0 pm) =T($ 0 pn) + I($© pm) — 2I($ © P, @ 0 Prm) 50 using
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(2.6) and {2.7) we obtain
[T opn = 0 pn)im
< fE((Vé)(}%)sY{pn)[ivé)@n) = (Vo) (pm)))ldm

E k
; L
+ 262( E :glg 2(?{,;»;;?;’,;;}}{ § ;gl/2<pjsn = Pims Pin — pj?m»
j=1 =1

+]kWQm&ﬁ%ﬁwmm—wmeWm
k k

+ zgz(z 51;2{?@,%?@,?;»;)){2 guz(pj,n = PimsPjn pjﬁm»'
f=1 F=1

This estimate, combined with the fact that p, is £-Cauchy, that I'(p, ) converges to I'(f) in
L' componentwise, and that (V)(p,) converges to (V¢)(f) boundedly pointwise tells us
that ¢ o p, is £-Cauchy. Its pointwise limit is ¢ o f so we conclude that ¢ o f € P and

Ti{¢o fi= ﬁffzn INCEY
= lim ((V¢)(pn), [(Pn)(V6)(pn))
= ((V)(f), L(F) V()

Corollary 2.3. (£, P) has the Markov property.

Proof. Let {¢c}eso be C°(IR) functions satisfying (i) in the definition of the Markov
property. If f € P, then Proposition 2.2 tells us that, for every € > 0, ¢, o f € P and

L(ge o f) = ($L(NT(S).

Since ¢L{z} < 1 for all z € IR, we conclude that
- 1
B0 fideof) =5 [Tgeo f)im
1 i
= 5 [@rram
1
<3 [(¢im
- E‘_(f’ f),

which gives us the Markov property. §

Corollary 2.4. The form (€,P) has the local property, i.e., if u,v belong to P and
ywv =0 m-—a.e., then I'(u,v) =0 m—a.e. (and thus E(u,v) =0).

Proof. Choose a function ¢ € C}(IR) such that ¢(0) = 0, and ¢'(z) > 0 for all z € IR.
Then ¢(u)d(v) = 0 a.e., and ¢(u), p(v) € P with

I'(4(u), $(v)) = ¢'(w)¢'(v)I(w, v).
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This shows that I'(¢{u)}, #(v}) = 0 a.e. if and only if D{u,v) = 0 a.e., so it suffices to prove
the result for ¢(u) and é{v}a_Consequently we assume, without loss of generality, that u
and v are bounded. If u,v € P and are bounded, then uv € P and for every h € P,

T(uv, h) = ul'{(v, b} + vI'(u, h).
However uv = 0 so I'(uv, A} = 0 a.e. which gives us
{2.8) ul'(v,h) + oI {u,h) =0 m — ae.
Setting h = u and multiplying (2.8) by u yields
wT(u,v) =0 m— ae.

This shows that '(u,v) = 0, at least on the set where u # 0. We must work a bii more
to show that T'(u,v) = 0 a.e. on the set {z : u(x) = 0}. For 9,9 € C§°(IR) we have
o(u), P(u) € P with

Elplu)¥(w) = 5 [ @@ @I win
(2.9) :%LJﬂ@W®MM®

and [ eluyp(u)dm = [ o(z)p(x)v(dz),

where p is the distribution of v under I'(u)dm, and » is the distribution of v under dm.
Since £ is a closed form on L2(E;m) we see that (2.9) defines a closable form on C°(IR) C
L*(IR;v). By Theorem 2.2 of [3], we conclude that u must be absclutely continuous with
respect to Lebesgue measure on IR. Thus

0=u{op = [ Twdm,
so that D{u} = 0 m— a.e. on {u = 0}. Since

ID(u, )] < TY2(u)T?(v),

we see that I'(u,v) = 0 m—a.e. on {u = 0}. This shows that I'(u,v) = 0 almost everywhere
and concludes the proof. #

3. Examples. 1. The Ornstein-Uhlenbeck process. Let H be a real separable Hilbert
space and A a self-adjoint operator on H satisfying 4 > ¢l for some ¢ > 0. We suppose H
is densely and continuously embedded into a Banach space E large encugh o support the
Gaussian measure with covariance A1, That is, we suppose there is a measure m on the
Borel sets of E, so that the collection of random variables

U={{t,): Le B},

is a mean zero Gaussian family with covariance

f (es ><k3 )dm - (f, Aglk).
E
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Here the pointed brackets (-,) refer to the pairing between F and E*, while the round
brackets (-,-) denote the inner product on H. Also, we are using the injection dual to
H — E to map E* into H* =~ H. Since m is Gaussian, condition (2.1) holds and I{ is easily
seen to generate the Borel sets in E. For u = (£,) and v = (k, ), we set T(u,v) = (£, k)
so that ['(u,u) € L™, and the product rule holds vacuously. The form defined in (2.3) is
closable, so Proposition 2.2 therefore applies, and as a result (€, P) is local and Markov. The
corresponding Markov process is the Ornstein-Uhlenbeck process in B, with drift operator
A and driven by white noise W on H. It is a weak solution to the stochastic evolution
equation
dX = ~AX +W.

The results in [13] show that X has strongly continuous sample paths in E.

2. Energy forms on polynomial domains in the context of quantum field theory were consid-
ered in a paper by Potthoff and Réckner [12]. In their set up the state space E was S'(IR%)
for some d > 1, and v was a measure on F given by a positive white noise functional, with
supp v = [, Their core, assumed dense in L?(v), was given by

?:{P(<€13>3?<£m9>) mEIN, Els**'agm es(md)
and P is a real polynomial on IR™}.

Potthoff and Réckner defined a form by

E(u,v) = [s'(Vu(z},Vv{z))sz(dz)
D(E) = P,

where for z € §'(IR?) and u € P, Vu(z) is the unique element in L2(IR?) representing the
continuous linear functional
Ju u(z + sh) — u(z)

h— —(2}:= lim

2 d
o lim - h € LA(IRY).

They also assumed that (£, P) was closable and showed in Theorem 1.3 of [10] that (£,7P)
was Markov. This result can also be recovered from our Proposition 2.2 by setting

U=1{(): e SR}
and
r(<£> ’}9 {ks }> = {‘gsk}ﬂz € Lm{;,;j;

Recent results by Lee [11] show that since v comes from a positive white noise functional,
there exists a Hilbert space S_, which supports v and which satisfies

S(IR?) C 5,(IR%) € L*(IR%) € S_,(RY) C §'(RY)

and

f[ exp(

e 4

(1212, )v(dz) < oo.

B ] b

Here S, is the dual of S_,, so for any £ € & we have [(£,2)| < ||£]|,]|2]|_,- Combined
with the exponential moment above, this gives us condition (2.1) for I and so our results
applyhere,
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3. The energy form associated with the infinitely many neutral all eles diffusion model was
introduced in [14] on a polynomial domain. In this case, the state space E is compact and

the

members of I{ continucus, hence bounded, so (2.1} holds trivially. In [14], the Markov

property of (£,P) is proven directly, but it also follows from Corollary 2.3. Also, combining
Corollary 2.4 with Theorem 4.5.3 of [9] gives a new proof of the sample path continuity of

the

process, which was originally proved by Ethier and Kurtz [7].
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