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Abstract. Let p be a Ruelle measure on the configuration space I'ra with a pair poten-
tial ¢. Then the generator of the corresponding intrinsic Dirichlet form (8“,H§’2(I‘Rd; ©))
is an extension of the Dirichlet operator AF on L?(Tge; 1) with domain FCg° defined by

= d1v¢VF Here FCp° is the set of smooth cylinder functions, V' the gradient of the
Rlemanman structure on ['ga and d1v¢ the corresponding divergence. For a large class of
nonnegative (singular) potentials ¢, we give a convergence characterization for the weak
Sobolev spaces W<>152(1"Rd; p) and prove that the generator of (E¥, Wolf(l"Rd; @)) is the maxi-
mum Markovian self-adjoint extension of (Ag, FCg°). Furthermore, we construct stationary

diffusion processes associated with (E#, Woléz(l"Rd; ©)) by approximation.
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1 Introduction

In a pair [10, 16] of remarkable papers, Osada and Yoshida independently constructed
infinite-dimensional diffusions with singular interactions through quasi-regular Dirich-
let forms. In [1, 2], Albeverio, Kondratiev and Rockner laid the foundation for under-
standing such processes through their systematic study of analysis and geometry on
configuration spaces. They proved that for a large class of pair potentials ¢ the corre-
sponding canonical Gibbs measures p on ['z« can be characterized by an integration
by parts formula. One consequence is that for such a u the corresponding intrin-
sic Dirichlet form (&#, Hol’z(l"Rd; p)) is a symmetric, quasi-regular and local Dirichlet
form. It is associated with a conservative diffusion process on [z« with invariant
measure . The corresponding generator is an extension of the Dirichlet operator
AL on L?(T'ge; p) with domain FCg° defined by AL := divy V", Here FC;° is the set
of smooth cylinder functions, V' the gradient of the Riemannian structure on [«
and divg the corresponding divergence.

We are concerned with the family

M(AD) = {A A is a self—adjoint extension of (AL, FC°) on L?(T'ge; u) }

¢ and the semigroup generated by A is Markovian

The family M(AY) is non-empty since the generator of (£¥, Hy?(Tga; 1)), which we
denote by Ly, is obviously in M (A ). For any A € M (AF) the closed symmetric
form (€4, D(E4)) corresponding to A satisfies D(E4) D HIZ(PRd;,LL) and E4(F,G) =



EMF,G),F,G € Hy*(Tpe; u) (cf. [5, Lemma 3.3.1]). As usual we introduce a semi-
order < in M(AY) by

D(8A1) C D(gAz)’
A=A o (FF)>E4(FF), VF € D(Ey).
Then, Lf is the minimum element of M (Ag) with the above semi-order, i.e., L§ <
A, VAe M (Ag) In this article we concentrate on studying the maximum element
of M(A}), i.e., the maximum Markovian self-adjoint extension of (A}, FCy°). We
expect our results will shed light on the challenging Markov uniqueness problem,
that is, whether there is exactly one element in M(Ag) For more details about the
Markov uniqueness problem in general framework we refer the interested reader to
[4] and references therein.

The remainder of this article is organized as follows. In section 2, we recall
some basic definitions and properties of Ruelle measures and intrinsic Dirichlet
forms on ['ze. In Section 3, we analyze the differentiability of the system of den-
sity distributions and give a convergence characterization for the weak Sobolev space
WL2(Tga; ). Combining this characterization with the basic criterion in [4], we prove
that if ¢ is nonnegative and V¢ decays polynomially at infinity, then the generator of
(EF, WL?(Tgpe;p)) is the maximum Markovian self-adjoint extension of (AL, FC)
(cf. Theorem 3.4 below). As an application, we consider the Dirichlet forms investi-
gated by [3] and comment on some further properties of Wk?(T'ze; ). In Section 4,
we construct a stationary diffusion process associated with the maximum Dirichlet
form (E¥, WL?(Tpe; 1)) based upon Mosco convergence, Lyons-Zheng decomposi-
tion and a uniqueness result of Dirichlet forms associated with systems of infinitely
interacting particles living on a bounded domain in R%.

2 Ruelle measures and intrinsic Dirichlet forms on 'z«

In this section, we give some basic properties of Ruelle measures on configuration
space. For more detailed definitions and fuller explanations we refer the reader to
[15].

We define the space of locally finite configurations in R? by

T'pa = {7 CR*: |y N K| < oo for every compact K}.

We identify a configuration v with the Radon measure Zz@ €, and give [z« the
topology of vague convergence of measures. We define measures on 'z on the corre-
sponding Borel sets B(I'za) and use O.(R?), B.(R?) to denote the family of bounded
open sets, Borel sets in R?, respectively.

For v € I'ga and A € B.(R?) we define 74, = yNA. For f € Cy(R?), the continuous
functions on R% with compact support, we let (f,7) be the integral of f with respect
to the measure v, that is, (f,7) = > ., f(z). Let m be Lebesgue measure on R%.
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The Poisson measure T,, with intensity z > 0 is the probability measure on ['za
characterized by:

/Fd exp((f,7)) Tzm(dv) = exp (/REl(ef(z) ~1) zm(da:)> . Vf € Co(rY).

R

A pair potential is any measurable function ¢ : R — R U {+oo} such that
¢(—z) = ¢(z). Throughout this work, we suppose that the pair potential ¢ is
superstable, lower regular, and integrable, and let © be a tempered grand canonical
Gibbs measure (Ruelle measure for short) with the pair potential ¢, activity z, and
inverse temperature B (cf. [15, 2, 11]). Then, u satisfies the Dobrushin-Lanford-
Ruelle equations: for any F € L*(T'ge; u) and A € B.(R?),

exp | — f\’Ac wp
/FdF(v)u(dv)z // F(Yae + wy) p[ ﬁ;(p(;)+ )} o () ().

Tl
Here, for a configuration 7y € I'pa, Ef\’('y) denotes the conditional energy of v in A:

>, d(z—vy), i > |z —y)| < oo,

¢ — {z.y}C {z,y}Cy
By (7) Y {zyInA#£0 {z,y}NA#£0D
400, otherwise,

and
Z2%(y) = /r exp [—,BEf('yAc + wA)} Tom(dw).

(We adopt the convention that a sum over the empty set is zero so that Ef(*y) =0
if either y(R%) = 1 or y(A) = 0.)
For a pair potential ¢, we define the energy of n particles {zy,...,z,} by the

formula Z(}S( ) ;
z;—x;), ifn>2,
U(zy,...,Tn) —{i<j ’

0, otherwise.

For A € B.(R?), we define

to be the grand partition function. For A, A € B.(R?), we define
(1) pZA("L‘lx"':mn)

— G z — z1 z
=B (k —n)! /(A\A)k_ e P Ym{dn) - m(da)



if z;,...,2z, € A, = 0 otherwise. By [15, Proposition 2.6], there exists a constant
¢ > 0 such that for all A, A € B.(R%), z1,...,Z, € A,

(2) Pap(Z1, .y zn) <&, Vn € Z,.

By [15, Theorem 5.5], from every sequence {A; € B.(R%)} tending to R? one can
extract a subsequence {Ay} such that (for each n € Z, and A € B.(R?)) the following
limit exists uniformly in z4,...,2z,

l’h—»n;lo PR (T T) = 05 (T1, -, Tn).

We call {o}} the system of density distributions, which are positive measurable
functions on A" invariant with respect to permutations of the coordinates z4, ..., z,.
They satisfy the following conditions:

=1
S o [ ok nmiden) o) =1
o n! A
and if AC A
=1
on(T1,. .., Zy) = Z Zl / oxt*(ze, .. T k)M(dTn 1) - m(dTnyg).
k=0 = J(B\A)E

For A € B.(R?) we define I’y := {7y € Tpa : y(R*\A) = 0}, and for n € Z, we
define IV := {y € Ty : 7(A) = n}. Then

(3) ry= .

We define py : I'ga — I'p by pa(7y) := 4 and denote pp = po pxl. Corresponding

to the decomposition (3), there is an induced decomposition of py : ppy = D oo, u_(,\n).
We denote A™ := {(z1,...,2n) € A" : 2, # z;, Vi # j} and define s} : A" — FXL)
by sh((z1,...,2Zn)) == Yooy €. Let mp, = m® o (s¥)"'. Then, we have the
representation

n 1 — n
ui? (@) = oR((SR) ) man(dra), g €TV m € 24

In the remainder of this section we give some of the preliminaries for intrinsic
Dirichlet forms on configuration space. For more details we refer the reader to [2,
11, 8]. We define

FC© =A{F:F(7) = g((f, 1)+ s (7))
for some f; € C°(R%) and g € C°(R™)}.
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For F € FC{°, we define the gradient VI F at the point y € ['zs as an element of the
“tangent space” T,['za := L%(R% — R%;y) by the formula

(VEF)(y;2) == Z 5

1=1

agi ((fr7)s -3 (Frn 7)) V fil ).

Here V refers to the usual gradient on R¢.

Until the end of this section we suppose that the pair potential ¢ satisfies the
following conditions:
(D) e P? is weakly differentiable on R?, ¢ is weakly differentiable on R*\{0} and the
weak gradient V¢ (which is a locally m-integrable function on R%\{0}) considered as
an m-a.e. defined function on R? satisfies

V¢ € L'(R% e PPm) N L2 (R e PPm).

(P) There exist constants ¢, > 0 and v > d such that |V¢(z)| < c(1 + |z])~? for
lz| > 7.

Note that many typical potentials in Statistical Physics (e.g. Lennard-Jones Poten-
tial) satisfy (D) and (P).

Definition 2.1. For F',G € FC;° we define the intrinsic pre-Dirichlet form by

EX(F, G)::/ (V'F, VFG>T7(de)u(d'y)

Dea

= [ [T ie), (V) i) )l

For any section h : I'ga — TTge (i.e., h satisfies h(y) € T,z for each vy € T'pa),
we define for e = —, +

B2 = S+ 2 h(r,2) 2 and [[RIP = / P ()d).
We denote
b(7) = | —28 ) Vé(z—vy)

yer\z zEy

Then, as in [3, Theorem II.11, P.6521-6523], one finds that ||b||- < oo by condition

(P).
Let Vp(R?) denote the set of smooth vector fields on R* with compact support.
We identify each v € V(R?) with the constant vector field v — v in TTza and define

v

L?:= (bu)rr, and B = LY+ (divy, ).
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For v € Vp(R?) and F € FC° we define V) F := (V' F,v)rr ,. Let VFC® be the set
of all maps defined as follows:

N
Tga Dy — Yy Fi(y)w,

i=1

where Fy,...,Fy € FC; vi,...,uy € V(RY). For V = Ef’:l Fv, € VFC we
define

N
divyV =) (V,.F, + BLF)).
i=1
For all v € Vp(R?%) and F,G € FC{, following [2, Theorem 4.3], the integration
by parts formula holds:

(4) / VIFGdu = — / FVLGdu — / FGB%du.
Tpd | pd

R R

Or equivalently for all F € FCy°,V € VFCy°,

/ (V'F,V)rr_,du = — / FdivyVdp.
Ta

Cd

R

The form (E#, FC{°) is then closable and its closure (£#, Hy*(T'ge; 1)) is a symmetric
Dirichlet form on L?(T'pe; u). Moreover, (%, Hy®(T'ga; ) is a local Dirichlet form.
In order to associate it with a diffusion process, it is necessary to use the completed
state space

Tga 1= {Z, U {+o00}-valued Radon measures on R%}.

Since 'za C e and B(Tge) N T'pe = B(T'pa), we can consider u as a measure on
(Tga, B(Tre)) and correspondingly (£#, H, ’2(I‘Rd; 1)) as a Dirichlet form on L?(Tga; ).
On this completed space (£, Hé’z(I‘Rd; ©)) is quasi-regular, so there exists a conser-
vative diffusion process associated with (£¥, Hy?(Tge; 1)) ([2, Theorem 5.2]). Note
that by [13], the set ['za \ ['ge is E#-exceptional if d > 2.

Before ending this section let us briefly recall the construction of the weak Sobolev
space (E#, WL?(Tga; ). Let ((divy)*, D(divy)*) be the adjoint of (div,, VFCE®) as an
operator from L?(I'ga — TTga; ) to L*(T're; u). By definition, G € L?(T'za; ) belongs
to D(divg)* if and only if there exists (unique) (divg)*G € L?(T'ga — TTga; ) such
that

/ GdivyVdu = — / ((divg)*G, V)r ,du, YV € VFCH.
Toa Toa
We set
Wh?(Tga; p) := D((divg)*), d* := (divy)*



and think of W'?(T'za; ) as a weak (1,2)-Sobolev space on I'pa with norm

1/2
G’Qdu> .

Wl’z(FRd; /.L) 5G —

HG||W1'2(FRd;M) = </ <duG: dMG>T1"]Rdd/Jf +/
Toa

e

By (4), it follows that
FC C WH?(T'ga; 1) and d* = V' on FC,

hence the densely defined positive definite symmetric bilinear form
(F,G) — / (d*F, d*G)rrdps
T.a

with domain W'?(T'ge; u) extends (¥, Hy?(T'pe; ) and is, therefore, denoted by

(€%,
W2(Tga; p)). We use Wh?(I're; 1) to denote the closure of Wh2(Tya; ) N L% (Tga; 1)
in W*?(T'ge; p) with respect to the || - ||wi2(r,,;)-norm.

3 A convergence characterization for (¥, WL2(I'ge; 1))

For any A € B.(R?%) we let F(A) be the o-algebra of events A € B(['y¢) that only
depend on the part of the configuration in A, that is, Ia(y) = 1a(ya) for every
v € T'ga. For an F(A)-measurable function F, we have the unique decomposition

F(y) =) Fr((st)'m),

where F' is a symmetric function on A" for n € Z,..

Proposition 3.1. Suppose that a superstable, lower regular and integrable pair poten-
tial ¢ is nonnegative and satisfies condition (D). Then, for each n € N, A € O.(R?),
oy € HY*(A™; m®") and

o0 1 n
Z E/A Z Ve, 08 (21, ..oy Zp)|[gem(dzy) - - - m(dz,,) < 00.
n=1 " " =1
Moreover, /0% € H“?(A"; m®") and
o0 1 n
Z g/A Z Ve A/oM(T1, - - Tn)|2am(dey) - - - m(dzy,) < .
n=1 " YA" 4=
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Proof. Let A € B.(R?%) with A C A. For n € N and zi,...,z, € A, let us consider
the term

k
= B, / Vé(z;—z;) e PUEr-=) m(dg,, 1) - - - m(dzy).
k;—l (k — n)l (A\A)F—m j;—l

By the symmetry in the integrand, the inside sum contributes k& — n like terms, so
we may rewrite it as

i kzn:ﬂ (k—n—1) /(A\A)lc V(@i—nir) e P mdn ) - midag).

Let us now separate the integral over the variable z, ; from the rest. In this way we
obtain

- E / I e*ﬂU(iM ..... To g0 Tk) m(d:z: +2) . m(dmk),
A k;—l —n — 1) (A\A)kfnfl "
where
I = V¢(mi _ fEn+1) e—ﬁZle,j;énH ¢(z;—Tn+1) m(d$n+1)
A\A
and (zi,...,Z,,4,...,Tx) is the vector of length k — 1 obtained from (zi,...,zx) by

removing the entry z,,;. Since the potential function ¢ is nonnegative, if we bound
the exponential in I by keeping only the term ¢(z; — z,.1), we get

1< [ Ve~ an)l e 0 m(d, )
A\A

< / IV(z)| e P?® m(dz) = ¢; < o0.
R4

Applying this bound to JR we obtain

(5) n -1 = zk
EAREY - k—n—1)
k=n+1
. / e_ﬁU(ml 7777 mfn-ﬁ—l """ T) m(dmn+2) e m(dmk)
(A\A)k n—1
= C1Z Pxp-

Then, we may take an increasing sequence {A; : A C A; € B.(R%)} tending to R?
such that {JR }ien is a Cauchy sequence in Lz(]\”;m@”) with respect to the weak
topology of Lz(]\n; m®™). We assume without loss of generality that the following
limit exists uniformly in z,...,z, € A

(6) llirglopzm(ml,...,:vn) =opN(T1,. .., Tn).



Note that for n € Nand z4,...,z, € A,

vmipZA(ml) R} mn)

_ﬁ<ZV¢ (pAA(:Bl,...,:Bn)—;—Z> +Jg(m1,...,mn)>.

J#

For every compact subset K of A", we denote by xx the characteristic function of
K. Then, {V,,0% »Xx }en is a Cauchy sequence in L'(A"; m®") with respect to the
weak topology of L*(A%; m®"). Thus, by (2), (5), and the dominated convergence
theorem, we conclude that o} € Hp: (A" m®") and

n

Z Ve, 00(z1, ...y Zn)|re < Bop(zy,..., T [ZZ |\Vo(z; — ;)| + cinz

=1 1=1 j#i

Following the argument similar to [3, Theorem II.11, P.6522-6523|, we obtain from
(D) and [3, Lemma III.2] that

o 1 n
Z E / E |VEZO-X($]_, P ,xn)|Rdm(dm1) .« 0. m(dwn)
’ " =1

n=1
< Zl - /A Bo(@s, - [ZZ V(@i —25)| +ernz

1=1 j#1

m(dzy) - - - m(dz,)

- ’BZ % / TLZ |v¢(:1:1 - fIZj)|O’X(.’E1, SRR mn)m(dml) T m(dmn) + Co
n=1 ~ JAT j=2

< 00.

By (6), (2), and (5), it is easy to see that

Vo 0h(@1,n) i o(zy,...,z,) #0,

va:-; \/O-X(mlx s ;xn) — { 24/0% (z1,2n)

otherwise,

n LirAn. ., ®n
and +/o} € Hul(A®; m®*). Moreover,

ZW&\/Z(C% cey T ’Rd

B2of(zy, ..
<= Z

1=1

+ 7ch22

Z |V¢ - 'T']

J#1




Following the argument similar to [3, Theorem II.11, P.6522-6523| again, we get

Z l/A Z|vwz O'X(a:l""»xn)hz@dm(dml)"'m(dx")

n! Jn
n=1 1=1
oM(zy,..., Ty
<5 = D 2 IVe(zi—z)l| +mncie’
n: Jan 2 - oy
n=1 i=1 Lj#1
m(dz,) - - - m(dz,)
ﬁz [e e} 1 n 2
=5 Z 1 /An n [Z IVo(z; — a;j)|] on(z1, ..., zn)m(dzy) - m(dez,) + c3
n=1 7j=2

< 0.

This completes the proof.

For A € O.(R%), we let H(A;u) denote the set of all bounded F(A)-measurable
functions F' such that F7 € Hyl(A™; m®") for each n € N and

(o] 1 n
Z E/A Z Ve, (1, .oy 20)|2a0 (21, - - -, ) m(dzy) - - - m(dzy,) < 00.
n=1 " =1

For F € H(A; p) we define
Ve, FR(T1,...,20), T=12;,1 <1<,
O) z € A

if yo» ={z; : 1 <1< n} for somen € Z,. Then, DYF € L*(T'ge — TTga;u). We
denote @a(7y) := Y o0 o +/Om((s}) 1va). With slight abuse of notation, we define

DyF(v;z) = {

Ve, 03 (Z1,...,Tn), T=1;,1 <12 < n,
Dy (7) = {0 m%(ryi )

if vy ={z;:1 <1< n} for somen € zZ,.

Let H* denote the set of all FF € L°°(['za; 1) such that there exist an increasing
sequence {A; € O.(R?%)} tending to R? and a sequence of functions {F; € H(A;p)}
satisfying F; — F' in L?(T'ge; ) as | — oo, and there exists an element in L?*(I'ze —
TT'ga; p), which we denote by D*F, such that

(7) lim [ (DA B — D“F, V) ,ldu =0, WV € VFCP,
—00 FRd

If (7) is satisfied, we denote D F; — D*F and define

(8) EV(F F) = / (D*F, D*F)rr_,dp.

T.a

R
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Of course, one must check that (8) is well-defined, i.e., independent of the particular
choices of {A;} and {F}}. This will become clear after we prove Theorem 3.3 below.

In the sequel, for A € O.(R?), we let Vo(A) denote the set of smooth vector fields
on R? with support in A. We define

FCP () :=AF : F(7) = 9({(f1,7)s -+ {(frs 7))
for some f;, € C5°(A) and g € C°(R™)}.

We use {e;}1<j<a to denote the standard bases of R%.
Lemma 3.2. For any v € Vp(A),
(9) (DR, ), = BuLSF(A)@h, b ae,

Proof. By Proposition 3.1, o} € Hl'l(]\”; m®™) for n € N. Note that o} is invariant
with respect to permutations of the coordinates zi,...,z,, we then conclude from
integration by parts and approximation that for each n» € N and any F € C{°(A")
which is invariant with respect to permutations of the coordinates z4, ..., z,,

(10) Ve, (Fop)(zy,...,zn)m(dzy) - -m(dz,) =0, V1 <1< mn.

A'n.

We fix a v = 3.2 vje; € Vo(A) and write B,[L¢|F(A)] = L¢, o pa, u — a.e. Let

7=1

G € FC°(A). Since

0= / div,(Gv)du
Tya

=§%/A{ K% (Za%), ¢>RdUX(m1,...,mn)

+G <Z 52;) Za UICALNCITNS ,a:n)]

=1 71=1

+(GL A) <Z €z, > 5121, ce 1:1271)} m(dwl) e m(dm”)’

we get

(11) Z % / (GL N (Z €z, > (z1,...,zn)m(dzy) - - - m(dz,,)

S Z % /n Z [<V$1G <Z ewi> ,v(mi)> op(zy,...,Zn)
+G <Z e%) Z O;vi(z;)op(zy, . .. ,mn)] m(dzy) - - - m(dz,).
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Substituting the F' in (10) by Gv,, 1 < 7 < d, respectively, and adding them up, we

get
0= g%/é <VmiG <§:s> ,v(mi)> ie )
+G <: e> ; 8;v5(z:)o(zy, . . ., Tn)
+G <i e> (Var0? (@1, 20), u(mi)w] m(dzy)- - - m(dz,).
Then _
12) g% Méa (:l a> (Va0 (@1, ., Tn), (@) sam(day) - - - m(dey)

(e ]

:—ZO%/nzl [<VmiG (lem> ,v(azi)> on(T1,. .., Zn)

+G (Z z-:mi) Z O;vi(zi)oy(zy, - .. ,a:n)] m(dz;) - - - m(dzy,).

By (11) and (12), we get

[e.e]

2 ), 26 <Z> (Vo 0h(@1, 1 20), 0(:) pem(day) - ()

:z_; % /An(GLfA) <Z_; Emi> O'x(ml, o ,:I:n)m(d:z:l) .. "m(d:L‘n),

le.,
/ G<DXQ0?\,1}>TPR¢
Fa

STy = [ GELLIF()d
Pa T4

R R

By a monotone class argument, it is easy to see that FCg°(A) is dense in L?(Ty; pa)
and therefore (9) holds.

For A € O.(R?), we let S(A) denote the closed subspace of L?(T'pa — TTge; 1) gen-
erated by VFC(A), where VFCP(A) is the set of all maps: T'pa 37 — Yoo, Fi(y)vs
such that Fi, ..., Fy € FC(A) and vy, ...,vy € Vo(A). For U € L?(T'ga — TTge; ),
we denote by E,[U|F(A)] the unique projection of U on the subspace S(A). More gen-
erally, for any section U : I'ya — TTa satisfying ||U||_ < oo, we define E,[U|F(A)] €
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S(A) by:

/1" (Bu[U|F(N)], V)rr, du :/ (U,V)rr dp, YV € VFCZ(A).

T.a

R R

Theorem 3.3. Suppose that a superstable, lower regular and integrable pair potential
¢ is nonnegative and satisfies conditions (D) and (P). Then (€™ ,H*) is closable
and its closure (€™, H*) is equal to (E#, WL?(Tge; ). In particular, for any F €
W2(Tpe; ) N L®(Tga; p) and A € O(R?), we have F € H*, D*F = d*F p-a.e., and

(13) DLBLFIF(A)] = Bud*FIF(A)] + BL(F — BJFIFWBFWD), 4 - ae.

Proof. Fix a A € O,(R?). We will first prove that H# C W1?(T'ge; p) by showing that
H¥ C Wk?(Tga; ) and D* = d* on H*. It is sufficient to show that for any F' € H¥,
G e FCP, and v = Y% | vse; € Vp(RY)

J=1

/F (D*F,Gu)rr_,du = — /F Fdivy(Gv)dpy.
d d

R R

We choose two arbitrary sequences {A; € O.(R?%)} and {F; € H(A; 1)} satisfying
Fy — F in L*(Tge; u) and D)y F; -, D*F as | — co. By Proposition 3.1 and Lemma
3.2, we get

/ <DMF, G’U)TFRdd,LL
| )

R

= lim (D, Fi, Gv)rr_,dp

l—oo FRd
' o0 1 n . n
:llfgz o /n Z <v$-;‘FlAl($l7 .oy Zn), G (Z Emi> v(mz)>
n=0 1 o2=1 =1 R4
-op,(T1, ..., Ta)m(dzy) - - - m(dzy)

n

=1 n
—-pm 3o [ P e Y

=1

<V$iG <Z 8$i> ,v(:ci)>

n d
'le(mli s )xn) +G <Z 6371’) Z 8]'1)]'(5131')0'21(:1:1, cey CL‘n)
i=1 7=1

m(dzy) - - - m(dz,)

+G <Z smi> (Vo 0n,(T1, ..., Tn), v(Ti)) e
i=1

<VZI.G’ (Z 5@) , 'u(acl)>

oo

. 1 n .
33 [ e {2

l =1
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+G <i 5> i 8;v(z:) | + (GLS,) (Z ezl> }
-azl(mlj. . ,a:n);z(dazl) - -m(dz,)

=— / Fdivy(Gv)dp.
|

R

We now prove that Wk?(T'ge;u) C H¥. It is sufficient to show that for any
bounded function F' in Wh?(T'ga; u), F € H*. To simplify the formulas, we denote
BFIF(M)(7) = Falv) = Yoo FR((s1) 1), Bu[d*FIF(8)](y) = Fa(1a) and
BLI(F — FA)F(A)](7) = b (7).

For an arbitrary no € N, we let 9 : R — [0,1] be an infinitely differentiable
function such that ¥(no) = 1, ¥'(no) = 0 and ¥(z) = 0 for |z — no| > 3. We let

{¢m}1<m<co be a (smooth) partition of unity for A and define 9,(7y) := ’¢(<Z%:1 CmrY))
for M € N. Then, by [11, Proposition 4.5|, Fiy € Wk?(Tge;p). For any G €
FCP(A) and v = 3¢ | ve; € Vo(A), we get from Lemma 3.2 that

() ),

+G <Z 5z> Z@ v;(z ] m(dz,)- - -m(dzn,)
- _J\/llilnooz / ( ($1,...,$n)¢M <Z€z’>
Z <V%G <Z a%) ,v(z; > +G <Z smi> Zaj'uj(mi)]

1=1

m(dz,) - --m(dz,)
= — lim Faypur(divy(Gu) — LIG)du

M—oo FRd

1 no 1o
- (Fpooy )(ml,...,xno)z

no! AT0 i—1

= — lim Fyp(divy(Gu) — LG)du

| )

R

M—oo

D/J- 2 U
+/ 1/JMFG< A‘PA2 >T1“Rddﬂ}
Toa 4

= lim { / (d*(Fyu), Go)rr ,dp + / Y FG(L? — E,[L2|F(N)])du
L Tua

A

M—oo

= lim {/ <¢MduF+Fd#¢M,GU>TFRddM
Tod
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F]Rd ()DA

B2
+/ YuFG(L] — Eu[Lf\f(A)])dwr/ wMﬁ'Gmdu}
Td

R

- / (((1,))(d* F, Gv)rrydps + / $((1,))FG(L? — B,[LI|F(h)))du

R

K2
+ [ wpret g,

T.a A

= [ YL ))(B[d*F|F(N)], Go)rr,,dp

+ [ UL ) (Bul(F — Fa)b|F(A)], Gu)rr,,dp

B2
Y TR ehd L AL

T4 P

R
no

1 n
- {(IFA+bA,Gv>T{I1 oo }l"leO'A °(T1,.. ., Tng) +Z(FAO(m1,...,:pno)

n | ,,,,,
0 A™0 1=1

Vg, 00 (T1,y ooy Ty, (Z €z, > v(z;) > }m(dml) com(dzy,).

Since both G € FC°(A) and v € Vo(A) are arbitrary, we conclude form the

theorem of partition of unity that for m®™-a.e. (zi,...,Zys,),
(Vo (FR°03°) (@1, - s Tno) 1<i<ng
=(Fp + bA <Z Em,) Ox (1, ey Tg)
FFL(T1, oy Tng ) (Vg 03°(Z1, - -+, Tng) ) 1<i<ino -
Thus, for o°m®™-ae. (z1,...,Zn,),

(Vo FRo(21, -+ Zno) )1<i<n, = (Fa +b7) <Z %) -
=1

Since ng is arbitrary, E,[F|F(A)] € H(A; 1) and (13) holds. Moreover, let {A;: A C
A; € B.(R%)} be a sequence tending to R?. Then, for any V € VFCy°, we have

| (DL BAFIF@)) - R Vyre i = [ 065, Vo, Jeu
T q F]Rd

< I(F = Fa)bll-[[VIl+

— 0, asl — oo.

)
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Thus, F' C H* and D*F = dV'F' p-a.e. The proof is therefore done.

Theorem 3.4. Suppose that a superstable, lower regular and integrable pair potential
¢ is nonnegative and satisfies conditions (D) and (P). Let Ag be the operator on
L?(Tze; u) with domain FCg° defined by A} := divyV". Then, (¥, Wk?(Tpe; 1))
is a Dirichlet form on L?(I'e; 1) and its generator is the maximum Markovian self-
adjoint extension of (AF, FCy°).

Proof. By [4, Theorem 3.1], it is sufficient to prove that (£#, WL?(T'ga; u)) is a Dirich-
let form on L?(T'ga; i), i-e., (E#, Wk?(Tga; u)) satisfies the contraction property. Ac-
cording to [5, Theorem 3.1.1], one needs to prove that for every function 7 : R — R
with T'(0) = 0 and |T'(s) — T'(t)| < |s — t| for all s,t € R, one has T'(F) € H* and

(14) EX(T(F), T(F)) < EX(F, F), VF ¢ B

In fact, if F € H* then there exist an increasing sequence {A; € O.(R%)} and a
sequence of functions {F; € H(A; u)} satisfying F; — F in L?(T'ze; u) and D} F; =
DHF as | — oco. Obviously, T(F;) € H(A;p), T(F) — T(F) in L?(I'ge; u) and
Dy T(F) = T'(F)D4,(Fi) — T'(F)D*F as Il — oo. Therefore, F € H* by the
definition of H* and (14) holds. This completes the proof.

We end this section by giving an application of the above results. It is shown
in [3] that if the pair potential ¢ is three times differentiable and decreases sub-
exponentially, then Ag is essentially self-adjoint on D2(2), a class of bounded smooth
local functions on I'gs which contains FC°. For the definition of the function space

DZ(Q2) and more details we refer the reader to [3].

Theorem 3.5. [3, Theorem II.17] Suppose that a pair potential ¢ is superstable
and lower regular. Furthermore, assume that ¢ € C3(R?) and there exist a constant
¢o > 0 and a function a that satisfies the following conditions:

(i) (0) > 1 and a(A) — oo as A — oo.

(i) &/(A) < a(A)/(1 + A) for some A > 0, and a”(A) > —co/(1 + A).

(iii) For all z € RY, 1,5,k =1,...,d,

o

B:I:i(x)‘ + oo

8%
Oz Oz’ (<) ‘ +

Ozkozidx: ()

<exp{—coln(1 + |z]*)a(1 + |z|?)}.

Then the Dirichlet operator Ag is essentially self-adjoint on the domain D32().

In [12], two useful “intermediate” spaces Hy*(Tge; ) C F C F C Wh?(Dga; )
were introduced. If a pair potential ¢ is nonnegative and satisfies all the conditions
in Theorem 3.5, then by virtue of Proposition 3.1, integration by parts, and Theorem
3.3, one can show that the generators of (£#, F(9)), (E#, F) and (EF, Wk?(Tge; 1)) are
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all self-adjoint extensions of (AL, D3(Q)). Therefore, by Theorem 3.5,
(15) FlO) = F = WL (Tga; ).

Some nontrivial results can be obtained from (15). Firstly, we point that the maxi-
mum Dirichlet form (£#, W2?(Tge; u)) is a quasi-regular Dirichlet form on L*(T'ga; p)
since (E#,F()) is quasi-regular by [12, Corollary 3.4]. Secondly, any function in
WL2(Tga; ) can be approximated by smooth local functions with respect to the
Dirichlet form norm. Note that this is a priori not known for more general situation.
Thirdly, let ((X:¢)e>0, (Py)yer,,) be the conservative diffusion process associated with
(EH, Wh?(Tge; u)) and denote the generator of (€, WL?(T'ge; ) by L*. Then we
have the following analogue of [11, Proposition 9.2], which is an improvement of [11,
Theorem 9.13].

Proposition 3.6. The following assertions are equivalent:

(i) P, = [, P (dv) is (time) ergodic.

(ii) (e —te )t>0 is irreducible.

(iii) If F 6 L*(T'ge; ) such that e ™ F = F for all t > 0, then F' = const.

(iv) (e7*")4s0 is ergodic.

(v) If F € D(L*) with L*F = 0, then F = const.

(vi) (&, WL?(T'ga; w)) is irreducible.

(vii) p is an extreme point of the set of all Ruelle measures with the pair potential

¢.

4 Markov Processes associated with (E#, WL2(T'ze; 1))

Throughout this section, we suppose that the pair potential ¢ satisfies the conditions
in Theorem 3.4. Let A € O.(R?). We define

D(&X) :=A{F € L*(Ta;pa) : Fopa € H(A; 1)},
Ex(F,G) = / (DA(F 0 pp), DA(G 0 pp))rr ,du, F,G € D(Ef)

Ted

and o -
D(EK’ ) = FCI?O'FA:
EMO(F,G) .= EX(F,G), F,G € D(EY®),

where FC;°|r, denotes the restriction of FC;° on I'y and FCy°|r, the closure of
FC|r, in D(E}) with respect to the Dirichlet form norm.

Lemma 4.1. Suppose that a pair potential ¢ satisfies the conditions in Theorem 3.4.
Then, for any A € O(R?),

(€K, D(ER)) = (6X°, D(ER"))-
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Proof. Let A € (’)C(Rd). We first set u = m,,, and consider the free case. For n € N,
we let 1), be an infinitely differentiable function with support in (n — 1,n + 1) such
that ¢,(n) = 1. Note that ¥, := ¢,((1,-)) € FC°|r, and

(n)

1, el',”,
¥,(7) ={ vers,

Let F € D(Ef*™). We denote by A the closure of A and C*°(A) the infinitely differen-
tiable functions on A. Since C®(A) is dense in the (1,2)-Sobolev space H*?(A), one
finds that ¥, F € ¥,,7C:°|r, = {¥,.G : G € FC{°|r,} for each n € N. Then, F €
D(EF™°). Since F' € D(EF™) is arbitrary, (™, D(Ex™)) = (Ex™°, D(EF™°)).

We now let u be a general Ruelle measure with the pair potential ¢. Note that
by Proposition 3.1, ¢, € D(Ef"™). Then, @, € D(E4™°). For | € N we define

o1 = a;(Inpy),

where we fix a; € C$°(R) such that 1,5y < a; < 1141 and |a;] < 2. Then
¢ € D(EF™°). By (2), it is easy to see that ¥,¢; € D(EL°) for each n € N. Thus
@ € D(é’K’O). Following the same argument as in [14, Proof of Theorem 2.3], one can
show that the following claims hold for any bounded function u € D(&}):

Claim 1. pju — u in D(E}) as I — oo.

Claim 2. Let | € N, then there exists {u, € FCg|r,} such that ¢, 1u, — @u in
D(&f) as n — oo.

Claim 3. Let v € FC|r,, then v € D(EL®) for each I € N.

Therefore u € D(E4"°). This completes the proof.

Let f: R — [0, 1] be an infinitely differentiable function such that

1, if jz| <1,
f("”)_{o if |z| > 2.

)

For n € N, we define a cut-off function by f,(z) = f(|z|/n) for z € R%. Moreover, for
F,G ¢ FCy° we define

en(F,G)i= [ (V.F(), V.G i),

rd TEy

Similar to [2, Proposition 5.1], one sees that (€4, FCy°) is closable and its closure
(E¥m™ D(E*™)) is a symmetric Dirichlet form on L?(T'ze;u). We denote the (1,1)-
capacities associated with {(E€*™, D(E#™))}, (€, Hé’z(I‘]Rd; u)) by {Cap’, }, Cap, ;, re-
spectively. Since for arbitrary F' € Hy?(Tpe; u), EX™(F, F) < EX(F, F), Cap?,(U) <
Cap, ;(U) for any open subset of I'ze. Therefore, (€47, D(E#")) is a quasi-regular
and local Dirichlet form.
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We recall below the definition of Mosco convergence of bilinear forms and refer
the reader to [9] for more details.

Definition 4.2. Let E be a Hausdorff topological space and A a o-finite measure on
its Borel o-algebra B(E). A sequence of symmetric bilinear forms {(.A", D(A™))} on
L?(E; ) is said to converge to a form (A, D(A)) in the sense of Mosco convergence
if and only if the following conditions are satisfied:

(i) If {u, € D(A™)} and u € L?(E;\) such that u, —— u in L?(E; ) as n — co and
liminf, e A™(Un, u,) < 0o, then u € D(A) and &(u,u) < liminf, . A™(Un, Un).
(ii) For any u € D(A), there exists {u,, € D(A")} such that u, — u in L?*(E; ) as
n — oo and A(u,u) > limsup,,_,. A" (Un, Up).

Mosco proved in [9] that Mosco convergence of a sequence of densely defined
symmetric bilinear forms is equivalent to the convergence, in the strong operator
sense, of the sequence of semigroups associated with the closures of the corresponding
forms.

Theorem 4.3. Suppose that a pair potential ¢ satisfies the conditions in Theorem
3.4. Then, as n — oo, the sequence of Dirichlet forms (£#", D(£#")) converges to
(EH, WL?(Tga; 1)) in the sense of Mosco convergence.

Proof. First note that it is sufficient to prove that as n — oo, {(€¥™, FCs°)} con-
verges to (¥, WL?(T'pa;u)) in the sense of Mosco convergence. We suppose that
{F, € FC®} and F € L*(T'pe;p) satisfy F,, — F in L?(T'pe;4) as n — oo, and
liminf, , E#"(Fp, F,) = M < co. Let V € VFC®. Then

/ FdivyVdpu
Toa

R

= lim / F.divgVdu
TLa

n—oo

= lim /F D (VaFu(7), V(7))sa fa(z)u(dy)

n—o0
re TEYy

< MYV |2 uTr uim)-

Thus, F € W'?(T'ge; p) and E4(F, F) < liminf, .o E#™(F,, F,). For m € N, let
Ym : R — [—(m+1), m+1] be an infinitely differentiable function such that |¢;,| <1

and 2
x, if |z] < m,
¥m(2) = { (m+ 1)sgnz, if |[z| >m + 2.

Using a similar argument, one finds that ¢,,(F) € W2(Tre; ) and E#(Ym(F), Ym(F))
< liminf, . E¥™(F,, F,). Therefore, F' € Wk?(T're; u) by [7, Lemma 2.12].

We now prove that condition (ii) holds. Without loss of generality, we assume
that F € WhH2(Tpa; p) N L (Tpe; ). For n € N, let B, denote the open ball in R? with
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radius n, centered at the origin. By Theorem 3.3, E,[F|F(B,)] — F in L?(Tge; )
and ||D5 E,[F|F(B,)] — d*F||- — 0 as n — oco. Then, by Lemma 4.1, one can
select a sequence of functions {F,, € FC¢°} such that F, opp,, — F in L?(E; 1) and
||D%, (Fnopg,,)—d‘F||- — 0asn — co. Forann € N, set F, = g((f1,-), ... (fm,"))
for some g € C°(R™) and fi, ..., fm € C(R?). Let {¢:} be a decreasing sequence of
functions in C$°(R?) such that ¢x|p,, = 1 and ¢x — Xs,, (the characteristic function
of By,) as k — oo. We define G,, := g({fi¢x, ), .. (fm®Pxk,-)) for some large enough
k, so {G,} is a sequence of functions in FCg° such that G, — F in L?*(E;u) and
EX(F,F) > limsup,,_,o, E¥™(Gn,Gy) as n — oco. This completes the proof.

We define Q := C([0,00) — T'pa), Xi(w) := w(t), t >0, w € Q. For n € N, we
let M™ = (Xi,(P})qer,,) be the conservative diffusion process associated with the
Dirichlet form (€#™, D(E*™)).

Theorem 4.4. Suppose that a pair potential ¢ satisfies the conditions in Theorem
3.4. Then, for p-a.e. v € I'pa, the sequence {P}'} converges weakly to a probability
measure P, on ). The ['e-valued process (X¢,(Py)cr,) is associated with the
maximum Dirichlet form (E#, W22(Tge; ).

Proof. By Theorem 4.3, {(€*™, D(€*™))} converges to (£#, WL?(T'ge; u)) in the sense
of Mosco convergence. As a consequence, the sequence of associated semigroups on
Lz(fRd; p) converges in the strong operator sense. By the Markov property, one can
check that for u-a.e. v € '« the finite dimensional distributions of {P;l} converge. It
is therefore sufficient to show that for u-a.e. v € T'gq, {P7} is tight on © in Prohorov
topology.

Let {F;} be a countable subset of FCg° which is dense in FC§° with respect to
the uniform norm. We denote

Ci = / (V'F, VI F)apr du for1<i< oo
e ®

and define a pseudo metric p on e as follows:

< |Fi(m) - Fi()]
,0(’)’1,")’2) - Z 27'(||F1||oo +c + 1)-

1=1

Note that the topology of 'z« induced by p is equivalent to the original topology on
Tge. Following an observation of Kuwae and Uemura [6], we only need to prove that
for p-a.e. v € e, {P7} is tight on  in the sense of Prohorov topology_induced by
p since the notion of tightness on 2 depends only upon the topology of 'z not on a
particular metric, whenever it induces the same original topology.

We denote by E; the expectation with respect to P} := fF]Rd P,;l,u(d’y). Then, for

20



any 0 < s,t < T, we have

B (X, X)) = (Z |F(X) F(xt>|>

2|1 Filloo + ¢+ 1)

B (| Fi(Xs) — Fi(Xe) "]
_Z 24(||Fyl|oo + i + 1)%

Since the diffusion process M™ is conservative, we can apply the Lyons-Zheng de-
composition to F; for each 7 (cf. [5, Theorem 5.7.1]),

1 1 [F; F;ln n
Fi(Xs) = Fi(X) = (M — 7)o (M WP (re) = ME(rr)), PR —ae,

where M is a martingale additive functional of finite energy and 7 a time reversal
operator at T defined by X;(rr) = X740 <t < T. By symmetry, for some constant
c,
B} [(|Fi(X.) — Fu(X:))*]
n AR Fi|,n n Fin Fi|n
<2B{(|F(MI™) — B+ 2B (1 F(Mp™) — Fo(My™) )

<CE} </ZVF(X)VF(X)Rdf(m) )

zEX,,

+CE/:Z </ h Z <va:Fi(Xu)1 vaz(Xu»RdfyzL(m)du)

T—t TEXy

<Cl(t—s) / Br(VE(X.), VE(X.)du

+Ct— ) / B (VR(X), VE(X.) du

T—t

=2C(t — s)c

Thus
sup B [p(Xs, X)) <2C(t —s)%.

According to Kolmogorov’s criterion,

limsup P} | sup p(Xs, Xt) >r | =0 forall”>0.
6—-0 p |o<st|<T
t—s|<é

21



On the other hand, let 4 denote the distribution of X;, under P]. Note that by [7,
Theorem 5.4, for U C T'ge, U open,

Eyle™"] = Capt,(U),

where oy is the first hitting time of U. Since (€%, Hy'*(T'ze; 1)) is quasi-regular and
Capy;(U) < Cap, ;(U), the capacities {Capy; } and then the measures {uy; } are tight
for each ¢, > 0. Thus {P]} is tight on  and therefore for p-a.e. v € Tgd, {P}} is
tight on €2. This completes the proof.
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