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Abstract

In [6], Walter Philipp wrote that “... the law of the iterated loga-
rithm holds for any process for which the Borel-Cantelli Lemma, the
central limit theorem with a reasonably good remainder and a cer-
tain maximal inequality are valid.” Many authors [1, 2, 4, 5, 9] have
followed this plan in proving the law of the iterated logarithm for
sequences (or fields) of dependent random variables.

We carry on this tradition by proving the law of the iterated log-
arithm for a random field whose correlations satisfy an exponential
decay condition like the one obtained by Spohn [8] for certain Gibbs
measures. These do not fall into the ¢-mixing or strong mixing cases
established in the literature, but are needed for our investigations [7]
into diffusions on configuration space.

The proofs are all obtained by patching together standard results
from [5, 9] while keeping a careful eye on the correlations.
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1 Introduction

Our motivation for this paper is a problem from [7] concerning the stochas-
tic dynamics associated with a continuous system of particles from classical



statistical physics. In other words, we consider a system of interacting dif-
fusion processes on R? whose equilibrium measure is a Gibbs measure u
with potential ¢. As part of our investigation into the large scale regular-
ity of the distribution of particles, we needed to prove that the law of the
iterated logarithm holds in equilibrium. This application will be explained
further in section 5.

If we discretize the problem by letting N, represent the number of
particles in the box (—(n + 1/2),n + 1/2]%, what we want to show is that

N, — E(N,
lim sup (V)

=1, p-almost surely.
n  4/2Var (N,)loglogn

It is a classical result in probability that this law of the iterated logarithm
holds if the number of particles in disjoint sets are independent random
variables, that is, if 4 describes a Poisson point process. From the statisti-
cal mechanics viewpoint, this is the case when the potential function ¢ is
identically zero.

Extending the law of the iterated logarithm to dependent fields requires
approximate independence, that is, the number of particles in widely sep-
arated regions of space should be weakly correlated random variables. The
standard proofs [1, 2, 4, 5, 9] for dependent fields impose mixing conditions
in order to get the result. Unfortunately, for the particular application we
have in mind, it is not known whether mixing conditions hold.

Therefore we wrote this paper to give a proof of the law of the iterated
logarithm that avoids using mixing conditions, but rather, relies directly
on the decay of correlations (condition 2 below). It is our hope that these
results may also be of use to others who study measures where a decay of
correlations is known, but not a mixing condition.

2 Notation and Basic Inequalities

We begin with a multiparameter, mean zero, strictly stationary process
(zi)ieze With E(z§) < oo. For I C Z* we let |I| denote its cardinality, and
we put F(I) = o(z; | + € I). All distances in Z% will be taken in the
Lo norm (|t|eo := sup{|t1],...,|?4|}) and for subsets I, J we let d(I, J) :=
inf{|i — j7lec | ¢ € I,j € J}. Define the discrete £, ball of radius n by
B, ={i € Z% | |i]e < n} and note that |B,| = (2n + 1)<



Conditions.
1. There is a constant a so that 0 < a|I| < Var(}_, ; ;).

2. There exist constants a, ¢ > 0 such that if ¥, ¥ ; are square integrable
real or complex valued random variables with ¥; € F(I) and ¥; €
F(J), then |Corr(¥;, ¥ ;)| < |I||J| ce~2dhT),

Comment.  The factor |I||J| in condition 2 above means that (z;);czq
does not satisfy the usual ¢-mixing or strong mixing condition. We lose
control over the correlation of very large sets at a fixed distance from each
other. On the other hand this is more than compensated for by the fact
that ce=>4!7) decreases exponentially in d(I, J). It is not hard to see that
all the results in this paper hold if we replace |I||J| by (|I||J])? for any
p > 1. However, our proofs fail for exponential mixing with exponential
factors like exp(|/]) exp(|J|). This type of mixing was obtained for Gibbs
measures in [3].

Definition 1 The following explicit constants will prove useful.
0% =3 000 B(zozs).
bi= i | E(mom).
M := max{E(z?), E(z}), E(z§)}.
c1i= MY 2 (2r + 1)%cemar/3,
Cy 1= 24b% + 4c;.

Note that the decay of correlations in condition 2 gives

o? < b < Var(zo) Z ce e < oo,

/e

Lemma 3 combined with condition 1 shows that o2 > a > 0.
From the definition of b, it is easy to see that

B(Y @) < bl (1

The analogous result for the fourth moment is more difficult, and is given
in the following lemma.



Lemma 1 For any index set I C 72,
B(Y =:)"] < ol I]” (2)
icl

Proof. We first gather some basic facts on the moments of z;. From
stationarity and Cauchy-Schwarz we have Var(z;) < M,

Var(z;z;) < Bl(zz;)°] < B(z})?B(23)"? = B(z5) < M,

and Var(z;z;z;) < E[(z;z;21)?] < E(z§) < M. Now we analyze the fourth
moment of the sum

E[(Zmi)ﬂ: Z E(z,zjTrz;).

iel (4,5,k, 1) ET4

For each multiindex (3, j, k,!) € I* define the maximum distance between
coordinates by

r(2,7,k, 1) ;== max {|s — t|e | 5,t € {3,7,k,1}}.
Now divide the index set into pieces accordingly: I* = U, I,, where
L ={(1,5,k,1) € I* | r(3,7,k, 1) =7}

Note that the cardinality of I, satisfies |I.| < |I|(2r + 1)3¢. The set I, is,
in turn, divided into two pieces depending on whether there is one isolated
index, or two pairs of isolated indices. That is,

I':=1<(1,9,k,1) € I,| max min s—tlee >1/37,
4 {( 5k, 1) |se{i,j,k,l}te{i,j,k,l},t;és| oo 27/ }

and I? := I, \ I}. For every (1,7,k,1) € I?, the set {3, j, k, [} can be divided
into two pairs {s,t} and {u, v} so that |s — t|o < 7/3, |u — V| < 7/3 and

d({s,t},{u,v}) > r/3.

If (1,7, k,1) € I}, then supposing 7 is the isolated index, we get

|E(z:zjzez)| = |B(zizjzer) — E(z:)E(zjzez)|
< +/Var(z;)y/Var(z;zz;)3ce >3
< M3ce /3,



On the other hand, if (¢, 7, k, 1) € I?, then

|E(zzjzrz)| < |E(zsz)E(Tyy)| + \/Var(:csmt) \/Var(o:u:z:v) 4ee—oT/3
< |B(zszt) E(zuzy)| + Mdace /3.

Therefore
E[() =) < 4M ZII ce™® P4l > N |E(zm) B(zuzy))|
iel (s,t)EI? (u,v)El?

2

= AM ) |Llce 24| Y |E(z.zy)]

r=0 (s,t)EI2
o0

< |I1aM Y " (2r +1)*ce2 + 24 (b]1])?
r=0

S C2|I|2.

Definition 2 Let §, = 2o and forr > 1 let &, = Zz‘eBr\Br,l z;.

Lemma 2 For any indices R C {0,1,...,n} and any z > 0 we have

4d%c,|R|*(2n + 1)2(@-1)
Py l&] > a) < - .
TER

Proof. Using Jensen’s inequality we find the pointwise bound (3°, .5 [6-])* <
|RI*>",cr & Taking expectations and using Lemma 1 gives

B[ &) <IRPY EB(&) < |R|4SUPE(€4) < |R|*c| By \ Bpa|”.

rER rER
Now |B, \ Bn_1| = (2n +1)% — (2(n — 1) + 1) < 2d(2n + 1)*7}, so square
this and the result follows from Chebyshev’s inequality. O

Definition 3 Define S, =" & = > ,c5 Ti.
Lemma 3 Forn > 1 we have

‘ Var(S»)

(2n + 1) ®)

(S7) 2 €1
'(2n+1) AT




Proof. By stationarity we have (2n + 1)%° = 37, 5 3.« B(z:z;) and
by definition we have E(S}) = > ;.5 > cp, E(ziz;). Taking the difference

gives
(2n+1)%° - B(S2) = > > E(zaz;).

1€Bn j¢Bn

We will divide this sum into two pieces and estimate them separately:

Z Z E(z,z;)+ Z E(zz;).

r=1 1€Bn,j¢Bn 1€Bp,jZBn
|7 —ilco=" |7—%|oo>n
NV NV 4
I II

In bounding the first sum, we observe that ifz: ¢  r———————r—r—
Bn,j € Bp,and |j—t|eo =7, thenn—r <l|ilo < | 0~ 7
n. The number of such #’s is the cardinality of
B,\B, ., that is, (2n+1)?—(2(n—7)+1)% which
is less than or equal to 2dr(2n + 1)4-1. For each
1, the number of j’s with |j — |, = 7 is less than
or equal to (2r +1)% This leads to the following | ° — '
bouznd. L ...

11| < Zn: Y. |B(za))l

r=1 n—r<ilo<n,
|j_i‘oo:7‘

= Z 2dr(2n 4+ 1) 1(2r + 1)*Mce ™"

r=1

< (2n+1)0%2n+1)'M f: d(2r)(2r + 1)%ce ™"

r=1

< (2n+1)¢%(2n+ 1)—1%.
Using stationarity, we bound the second sum as follows

1] < > |B(zaj)

’LeBn,|]—1|oo>n

= > > |E(zox;)|

1€Bn |jloo>n
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< (2n+1)*M ) (2r+1)%ce ™

r>n

< (n+1)fen+1)t2

5
Combining the bounds for I and I, and dividing by (2n + 1)¢ gives (3). O

3 Central Limit Theorem & Maximal Inequality

Lemma 4

sup |P(S,/c(2n + 1)¥% > z) — &(2)| = O(n~ /),

ZER

where ® 1s the standard normal error function.
Proof. The strategy is to first show that the main contribution to S,, comes
from x’s whose indices form a collection of reasonably large, but well spread

out, subcubes W; of [—n, n|?. We then use the decay of correlations to show
that the contributions from the different W;’s are nearly independent.

Fix ¢ < 1/2 and for n > 2'¢ define p(n) :=

[n'2], q(n) := [n'?7¢], and k(n) = |25 i N
Since n is large enough so that k(n) > 1, the 1 ) i
interval [—n,n| contains k intervals I,..., I of

length 2p + 1 with a distance g between them.
For each 1 € {1,2,...,k}?, define the cube W, =
Ii; x -+« x I;;. The collection (W;);cq1,2,.. k3¢ con-
sists of k% subcubes of [—n, n]¢, each with |W;| =

(2p + 1)%. The ratio | U; W;|/|[—n,n]?| of their

cardinalities satisfies n+l

>mend>(%%r4ﬂ%+w
= en+1)9d = (2n + 1)

S S AN P B
on + 1 2p+q+1
4nt/2 \ ¢ nl/2—e\ ¢

> 1— 1 —
- < 2n+1> < n1/2>

7




> (1-2nY2)" (1-n)*
> (1-2n7)*
> 1-2d(2n°),

so that

k¢(2p + 1)¢
‘1 w §4dn_£. (4)

~ (2n+1)d

For every 7 € {1,2,...,k}? let (; := ZjeWi z;, and let ((})icq1,2,.. kpa be
independent copies of (Ci)ie{]_’Q _____ k3. Notice that ¢; has the same distribu-
tion as Sp. The central limit theorem for S,, uses the following series of
approximations to a standard normal Z:

o 225G

Sn ~ Zi Cz ~ Zi C: ~ 7
o(2n+1)¥2  o(2n+1)¥2  o(2n+1)¥2 (k¢ Var(({))/? '

The first approximation is easiest, so let’s begin there. Using (7) and (4)
we obtain

J[E==n)
Sn—22:G

This gives us
E
< o(2n 4 1)%/2

For the third approximation we first use the independence to get

e e ’ _ k? Var (¢)
B [(0(2n+1)d/2 (k4 Var (g))m) ] B <1 a 02(2n+1)d>

Now rewrite the right hand side and use Lemma 3 and (4) to get

_ Var (U epnmeow, %) _ b(4dn ")
N o?(2n +1)¢ - 02

< (5)

g

) < 2+/bdn—¢/2

ke Var (¢) i k¢ Var (¢) \°
<1 ~\o2(en + 1)d> = <1  o2(2n+ 1)d>
_ <1 _Kepr 1)t Var(Q) )d>2

(2n+1)¢  o?(2p+1

k4(2p + 1) Var (S,) [\?
< (=222 = \Pp)
- (2n + 1)¢ o?(2p+ 1)@
< (4dn_€ +c(2p+ 1)_1)2
< (4d+cy)*n7%.

8



This gives us

4

For the second approximation, we work directly on the characteristic func-
tions. The final bound is obtained by induction, here is the first step, where
7 is any index in {1,2,...,k}%
(546 — B
< |B(e"Fin G e40) = BeMEinr ) B(e0)| + | B(e"Tens ) B(e0) — B(e"Fen ) B(e)
= [Cov (e*Z s, &) |  [B(eF 0w 6) — Ble"Tiwsth)
< |Bp|Pce™ 4 |B(e®X %) — B(e®X %)
= (2n+1)%ce ™ 4 |B(e"X % 4) — (e %)

o(2n +1)%2 (k4 Var(¢))Y/2

> < (4d+ c1)n"". (6)

Continuing in this way, peeling off the individual random variables one at
a time, we arrive at the uniform bound

|E(e*X:%) — B(eX:%)] k(2n 4 1)%*lce™™

<
< (2n +1)3%4ce .

We also have

B Zz C"l 2 Var (ZTEUiWi m"') < bkd(2p + 1)d < i
o(2n + 1)4/2 o?(2n+1)¢ ~ o?(2n+1)¢ — 0%’
and
5 e 2 - kVar (37, ey, r) - k(2p + 1)¢ b
o(2n + 1)%/2 o?(2n+1)¢ ~ o?(2n+41)¢ — 0%’

This gives us

ZzCz Zzg ’ 4b
B [<0(2n+ )42 o(2n + 1)d/2> ] = o?

Putting these together gives
B(e"2: G/7n i)y _ et i<4/"<2"+”d/2)\ < min {(Zn +1)%ce |t|—2ﬁ} .
pS ) -

(7)



From Esseen’s lemma, there is an absolute constant K so that

4
e—t2/2 i E(eitZi(;/./kdE((f)) <K E(Cq,) k—d|t|4e—t2/47 (8)
E(¢7)?

if |t| < VE4(24E(¢})/E(¢?)?) L. Since n > 4, we have
k> (204 1)/(3vR+ 1)) > vi/a,

so by applying (1) and (2) to E({})/E(¢?)?, we see that the bound (8) is
valid for |t| < T := (a?/48¢;) n*/4. Using (5), (7), (6), and (8) we have

E(eitSn/a(Zn—i—l)d) _ e t?/2

4
dt + —
P +

T

P fotn+ 1) 22) - a() < [

-T

/T 2\/@,'1—6/2 it
-T

2 1 3d,.,—agq
N / —dt—l—/ (2n + 1)°%ce o
o<[t|<T-1 L<|¢<T 1t

T
+ / (4d + c1)n"c dt

-T

T C2 d 2/4
- / K=k tfe " /*dt
_T a

L4
=

The reader may now easily check that each term is O(n_e/ *) and by taking
e close to 1/2, we may guarantee that 1/9 < /4, which gives the result. O

Definition 4 Let x, := (202|B,|loglog(|B,|))/?.
Lemma 5 For fized 8 > 1 and € > 0, we have

P(max |S;| > Bxn) < 2P(|Sn| > B(1 —€)xn) + O(n 1/2).

1<5<n
Proof. Define r = |n¥/®|, k= |n/r|,and for j=1,...,n
B; ={[Si| < Bxn,t < 7;|5;] > Bxn}-

10



Now

P(max |S;| > Bxn)

1<5<n

IN

P(Urgy<nlB; N {Sn — 55| = exn}]) + P(|Sn| = B(1 — €)xn)

k—2
< Z P (U_;:l[EiH-j NA{[Sn = Siri5] > EXn}])
1=0
+ P (U?:(kfl)r+l[El N{|Sn — 81| > exn}])
+ P(|Sn] > B(1 — €)xn)
k—2
, €
< Y P((UeBars) N {ISn = Szl = Zxa}])
=0
k—2 c
+ 2P (Ui [Burss N {ISsar = Sirssl = 2xn}])
1=0
+ P (U?:(k—l)rﬂ[El N{[Sn — Si| > 5Xn}])
+ P(|Sn| > B(1 —€)xn)
k—2
r 3
< Z P <(Uj:1EiT+j) N{[Sn — S(it2)r| > EXn})

1=0
k—2 c
T ZP <|§ir+1| + ot [Gargar| 2> §Xn)
1=0
3
+ P (J6pvrnl + o+ Il = xn)

+ P(|Sa] 2 B(1 — €)xn)-

Applying Lemma 2 (with z = $x, and |R| < 2r), for sufficiently large n
we get

k—2
r €
P(max S| > Bxa) < Y P ((UjrBirss) N{ISn = Ssan| > Zxa})
T 1=0
64%c,d?r?

+ e202(2n + 1)?
+ P(|Sn| Z :6(1 - E)Xn)

From the decay of correlations we get
r €
P (U1 Birss) 1180 = Sisar| = xa})

11



€
< P (UpyBiris) P (IS0 = Sisa| = Sxn) + (20 + 1)%ee ™
Now for every ¢z we have

E((Sn — Si+2)r)?) 2b 1
(e/2)%x2 ~ g20?loglog(|B,|) ~ 2’

£
P (’Sn - S(i+2)r| > §Xn) <

for sufficiently large n. Therefore

k—2 k—2

T S 1 T
ZP (szlEirJrj) P <|S'n — S(itayr| > EXn) < 5 Z P (szlEirJrj)
i=0 i=0
1
< — >
< G P(max |S5] 2 Bxn),
and hence
> < — >
P(lrgagc 1S5 > Bxn) < P(lrgagc S| > Bxn)
+ (k—1)(2n 4 1)*ce™"
N 642cod?rt
e202(2n + 1)?
£ P8 > A1 £)xa).
That is,

P(max S,] > fxa) < (2n+ 1)%1ce-or 4 S edr
(22 xa) < @Gn L) e

+ 2P(|Sn]| > B(1 —€)xn).

Corollary 1 For fized 3 > 1 there ts p > 0 so that

P(max |S;| > Bxn) = O(log(n) ).

1<5<n

Proof. Combine the central limit theorem (Lemma 4) with the maximal
inequality (Lemma 5). O

12



4 Law of the lterated Logarithm

Proposition 1 The law of the iterated logarithm holds, that 1s,

Sn . . Sn
limsup— =1 and liminf — = —1 P-almost surely.
n Xn n Xn

Proof. The assertion will be proved if we show that for any € > 0,

P(|S,] > (1 +¢€)xn i0.)=0 (9)

P(S, > (1—¢€)xnio.) =1, (10)
and

P(S, < —(1—¢€)xn i0.)=1. (11)

The proof of (9) is almost identical to [5, Theorem 1|. For 7 > 0 and k so
large that (1 + 7)%/0? > 1, define ny, = [(1 + 7)*/0?| 4+ 1. Then from the
maximal inequality we have

—(1+p)
;P(lggklsnb(Hv)xnk) < sz:(log(nk)) g

< K ) (klog(l+7)+log(a?)) "7
k
< 0.

For sufficiently large k we have x,, < (1 +27)¥2?xp, ,. Fix 0 < < € and
choose 7 so that (1 +¢) > (1 + 7)(1 + 27)¥2. The Borel-Cantelli lemma
tells us that

P(|S.| > (14+¢€)xni0.) < P( max |Su|> (1+€&)xn,, 1.0.)

ng—1<n<ng

P( max |S,| > (1+€)Xn, , 1.0.)

1<n<ng
(1+¢) :
P(lg}gik |Sn| > i+ 27.)d/2Xnk i.0.)
P( max |Su| > (1+7)Xn, i0.)

0

IN

IN

IN

)

and this gives us (9).

13



We proceed to prove (10). For k > 1 define ny = k*, my = n;/k?, and
for A > 0 put By = Bk(A) = {Sn, — Sm, > (1 — 2X)Xn, }- The first thing
we need to do is show that

> P(By) = . (12)

We will use the inequality
P(S’ﬂk 2 (1 - )\)Xnk:) < P(Bk) + P(Smk > Axnk)' (13)
Using Var(Sy,,) < b|Bm,| and recalling that x; > 0?|B,,|, Chebyshev’s
inequality gives us
b| B, | 29
P(Sm, > Axn,) < < i 14
( k — X k) — )\202|Bnk| — 0,2)\2]{:2[1 ( )

Since this is summable it suffices to show that ), P(S,, > (1—A)Xn,) = 0.
From the Central Limit Theorem we have

D |P(8n > (1= 2)xne) = (1= N)xXna /0| Bo[ )] < € 3 1B, H° < 0.

Therefore it suffices to show that

D @((1 = A)xni/01Bni|?) = > @ (1~ A)/210glog([B, ) ) = oo.

But this follows in the usual way from the asymptotic relation $(z) ~
z~'exp(—z?/2) and this gives us (12).

Let (i be the indicator function of B;. Considering the distance between
my; and ny gives

(k +j)4(k+j)—2 _ gk Akt -2 [4(k + 7) — 2]k4(k+j)—3j _ gk

[4(k + 7) — 2Jk* 925

(k+7)%

so by the exponential mixing condition, we see

exp(k +5)|Cov(Ce, Cers)| < exp(k + 5)|Bp,,, [*cexp(—a(k + 5)*)

exp(k + 7)[2(k + 7)***) + 12cexp(—a(k + 7))
exp(k + 7)3%[(k 4 7)2*]cexp(—a(k + 7)?)
9cexp(10(k + 7) — a(k + 7))

9cexp(25/a).

(AVARAVARLV]

(AN VANI VANI VAN VAN
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Adding gives us

K = 2 Z Z |Cov((k, Cktj)

k=1 j5=1

<

exp(—(k + 7))9cexp(25/ )

s
s

k=1 j=1
< ©00.
Therefore
n n n—1n—=k
Var() “¢) = > Var(G)+2) > Cov(Ce, Gt
k=1 k=1 k=1 j=1
< ) P(B)+K
k=1
Thus,

VAN
v
/~

I

. AL, P(BY) + K)
S (e P(BY)Y

Since ), P(By) = 00, letting n — oo gives P(> 7, (x < 00) =0 so
P(Bi()) i.0.) = 1. (15)

Note that Bi(e/4) C (Sn, > (1 —€)Xn,) U (—Sm, > (€/2)Xn,), so from (15)
1 < P(Sn, > (1 —€)xn, 1.0.) + P(—Sm, > (¢/2)Xn, i.0.).

But as in (14) we see that ), P(—Sm, > (€/2)Xn,) < oo so that P(—S,,, >
(¢/2)Xn, i.0.) = 0. From this (10) follows and (11) can be proved similarly.
O
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5 An Application

The following example is extracted from [7] to which we refer the reader
for complete definitions and more details.
The space of locally finite configurations in R¢ is defined by

Tpa := {y CR%: |y N K| < oo for every compact K},

where the configuration v is identified with the Radon measure zme’ €z-
A Gibbs measure u is a probability measure on I'za that is specified by:

e an activity parameter z > 0, roughly the average number of particles
per unit volume in R¢.

e and a potential function ¢, where ¢(r) roughly measures the correla-
tion between particles at a distance r from each other.

It is known that for sufficiently small z, the measure p is translation in-
variant with p the mean number of particles per unit space.

In the language of section 4, we take P to be the Gibbs measure u, and
we define the random field for 7 € Z¢, by

zi =i+ (-1/2,1/2%) — p,

so that S, is the number of particles in the cube C, := (—(n+1/2),n+1/2]¢
minus its mean value. Under conditions 1 and 2, Proposition 1 gives
Sn

lim su =1, p-as. 16
n p\/2Var(Sn)loglogn # (16)

For certain of the Gibbs measures we consider, Spohn [8, Lemma 4]
proved that there is an exponential decay of correlations, exactly as required
in condition 2. In [7] we show that condition 1 holds as well, and are able
to conclude that (16) holds true.

But this is only half of the story. The stochastic dynamics is a ['ga-
valued Markov diffusion process X; whose invariant measure is . Let
Xin = Xi(Cy) denote the number of particles in the cube C,, at time ¢,
then because the process is in equilibrium, equation (16) implies that

Xn: — BE(X,
P <1im sup x (Xns)

=1]| =1, forallt > 0.
n  y/2Var (Xn:)loglogn

16



Then, under certain conditions, we can use the theory of Dirichlet forms
to strengthen this result [7, Proposition 6| to be uniform in time, that is,

Xn: — BE(X,
P <lim sup .t (Xns)

=1forallt>0| =1.
n  y/2Var(X,.)loglogn

This shows that the large scale regularity of the particles is not violated
even as they move through space.
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