Positivity preserving forms have the Fatou property
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Abstract. We prove that if (£, D(E)) is a positivity preserving form on L?(E;m),
and if (un)new is a sequence in D(E) converging m-almost everywhere to u €
L*(E;m), then &(u,u) < liminf, &(un, un).
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If (un)nenv is a sequence in L2(E;m) converging m-almost every-
where to u, then Fatou’s lemma says that (u,u)r2 < liminf, (uy, u,)re2,
where we set (u,u)2 = oo if u ¢ L?(E;m). The corresponding result,
where a Dirichlet form replaces the inner product, was used by Silver-
stein [5; Lemma 1.7] and by Fukushima, Oshima, and Takeda [2; The-
orem 1.5.2] to define extended Dirichlet space and study time changes
for symmetric Markov processes. However, their proofs require that F
is a locally compact, separable, metric space, and that m is a positive
Radon measure with full support. The purpose of this note is to drop
the restrictions on E and m. In Proposition 1, we prove the Fatou prop-
erty for symmetric Dirichlet forms, and in Proposition 2 we generalize
the result to positivity preserving forms.

The Fatou property simply means that the function v — &(v,v)
is lower semi-continuous on L?(E;m) with respect to the topology
of convergence in m-measure. By way of comparison, the lower semi-
continuity of v — &(v,v) with respect to L? convergence is equivalent
(see [4]) to the form & being closed. Not every closed form has the
Fatou property, but this stronger result holds when the form is posi-
tivity preserving.

DEFINITION 1. A densely defined, closed, non-negative definite, bilin-
ear form (€, D(E)) on L*(E;m) is called a positivity preserving form
if v € D(€) implies that vt € D(E) and that E(vT,v™) < 0. We set
E(v,v) = oo for v € L2(E;m) \ D(E).

Note 1. If a positivity preserving form (€, D(£)) is symmetric, then
it has a symmetric resolvent (Gy)a>o. Each G is a bounded, symmet-
ric operator mapping L?(E;m) into D(£) and such that £(Gyv,w) +
MGyv,w)2 = (v,w)2 for all v € L2(E;m) and w € D(E). These
operators are also positivity preserving in the sense that v > 0 implies
Gyv > 0. For v > 0 we define limy_g T Gav := Gv < oo. Finally, we
note that £ can be approximated by continuous positivity preserving
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forms. Setting £ (v, w) := A(v — AG\v,w) 2, then ENv,v) T E(v,v) as
A\ — oo, for all v € L?(E;m) [3; Chapter 1J.

DEFINITION 2. A densely defined, closed, non-negative definite, bilin-
ear form (€, D(£)) on L?(E;m) is called a Dirichlet form if v € D(E)
implies that v A1 € D(E) and that E(v A1, v A1) < E(vA1Lv).

Note 2. Every Dirichlet form is positivity preserving, and the corre-
sponding resolvent operators have the Markov property: if 0 < v < 1,
then 0 < A\Gv < 1.

DEFINITION 3. A positivity preserving form (€, D(£)) is called tran-
sient if there exists a function p € L?(E;m) such that p is strictly posi-
tive m-almost everywhere and [}, p |v| dm < &(v,v)'/? for all v € D(E).

Note 3. If (€, D(£)) is transient, then for every A > 0, we have

/ pGrpdm < E(Grp, Grp)'/?
E

< (E(Gap, Gap) + MGap, Grp)2)'? (1)

1/2
= (/ pG)\pdm) .
E

This gives [ pGapdm < 1 and letting A — 0 we get [ pGpdm < 1,
in particular, the function Gp is finite m-almost everywhere.

DEFINITION 4. A bilinear form (£, D(€)) on L?(E;m) has the Fatou
property if, whenever (u,)nen € D(E) converges m-almost everywhere
to u € L2(E;m), then &(u,u) < liminf,, &(un, uy,).

PROPOSITION 1. If (£,D(E)) is a symmetric Dirichlet form, where
E is m-o-finite, then (£, D(E)) has the Fatou property.

Proof. Let (upn)nen be a sequence in D(E) that converges m-almost
everywhere to u in L?(E;m); we show that &(u,u) < liminf, &(un, uy)-

For a > 0, u$ := (—a) V (un A @) is a normal contraction of w,
and so the Dirichlet property gives £(u%,u$) < &(un,uy) [3; Chapter

I, Theorem 4.12]. If we can prove £(u®,u®) < liminf, £(ug,u?), then
we get the result by letting o — oo in

E(u®, u®) <liminf E(uy, uy) < liminf £(up, uy). (2)
n n
This is because the strong convergence of u® to u [3; Chapter I, Propo-

sition 4.17] guarantees that £(u®,u®) — &(u,u) as o — oo. Hence,
without loss of generality, we can assume that |u,| < a for all n € IV.
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By Notes 1 and 2, we may assume that E(v,w) = (v — Tv,w) 2
where T is bounded, symmetric, and has the Markov property. That is
because, if £*(u,u) < liminf, E*(up,u,) for all A > 0, then we get the
result by letting A — oo in

EMNu,u) < lir%linf EMtn, up) < lirr}zinfg(un,un). (3)

Since E is m-o-finite, there exists ¢ € L%(E;m) where ¢ > 0
m-almost everywhere. Let us define ¢, = (n¢) A 1. The operator T’
can be extended from L%(E;m) N L®(E;m) to L>(E;m) by setting
Tv = limy, T(¢nv) for v € L*®(E;m). The extended operator T is
still positivity preserving and has the Markov property; in particular,
0<T1<1.

If v is a bounded function in L?(E;m), then v? also belongs to
L?(E;m). The symmetry of T gives (T(v?), ¢n)r2 = (v2, T¢y) 12, and
letting n — oo shows that T'(v?) is integrable and that [7T(v?)dm =
[v*T1dm. Thus (v — Tv,v)2 can be split in two as follows:

(v=Tv,v)r2 = ;/(T(vz)—ZvTv—i—vQTl) dm—l—/vz(l—Tl) dm. (4)

By Fatou’s lemma we have [u?(1—T1)dm < liminf, [u2(1—T1)dm,
so we will get the result, if we can prove that

/(T(uQ)—2uTu—|—u2T1) dm < limninf/(T(u%)—QunTun—l—uiTl) dm.
(5)

Suppose that v € L>(E;m) and that (v;)jen is a sequence of non-
negative functions with v; T v as j — oo. Since T' is positivity preserv-
ing we get lim; T'(v;) < Tw. But also, for any n € IN, ¢,v; — ¢,v in
L*(E;m) as j — 00, so T(¢,v) = lim; T(¢,v;) < lim; T(v;). Letting
n — oo gives Tv < lim; T'(v;), so that T'v = lim; T'(v;). This monotone
convergence, together with positivity, shows that for every a € IR,

T((u~ a)?) = im T (inf (uy, — a)*) < liminf T((u, — a)?).  (6)
J nzj n

If s is a simple function; that is, s = >i"; a;14, where (A4;); is a

partition of F, and if v € L°°(E;m), then

T(v?) — 2sTv + s*T1 = Xn:T((v —a;)?)14,. (7)
i=1

From (6) and (7), for any simple function s, we get

T(u2) —925Tu + s2T1 < liminf (T(u%) — 2sTu, + sQTl). (8)
n
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We also have

’(T(ui) — 2u,Tuy +u2T1) — (T(u2) — 25Tu, + 52T1)’

2T un|[un — s| + |[u2 — s*|T1 (9)

<
< 2.

2aluy, — 8| + |u — s
Combining (8) and (9), and letting n — oo, gives

T(u?) — 2sTu+ s°T1 (10)
< lin#nf(T(ui) — 2upTuy, + uiTl) + 2alu — s| + |u? — 52|

Starting with (10), and then approximating u pointwise by simple func-
tions s yields

T(u?) - 2uTu+ w?T1 < liminf (T(u2) — 2u, Tuy + w2T1). (1)
n

The right hand side of (7) is a non-negative function, so setting v = u,,
and then approximating u,, pointwise by simple functions s, shows that
T(u2) —2u, Tu, +u2T1 is non-negative. So by (11) and Fatou’s lemma
we get

/ (T(?) — 2uTu+w?T1) dm
< / lim inf (T (u2) - 2u T +u2T1) dm (12)
< Timinf / (Tu2) — 20, Ty, +u2T1) dm.
This gives (5), and hence the result.

PROPOSITION 2. Every positivity preserving form (€, D(E)) has the
Fatou property.

Proof. Let (uy)nemn be a sequence in D(E) that converges m-almost
everywhere to u in L?(E;m); we show that &(u,u) < liminf, &(un, uy).

The proof consists of five observations that allow us to reduce the
problem to the case of a symmetric Dirichlet form and then use the
previous proposition.

1. The Fatou property depends only on the values (v, v), which are
the same for the symmetric positivity preserving form (5 ,D(E)), where
Ew,w) = (1/2){E(v,w) + E(w,v)}. We may as well assume that € is
symmetric.

2. If the bounded forms £ in Note 1 have the Fatou property, then
the result follows by letting A — oo in £(u, u) < liminf,, EX (up, uy) <
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lim inf,, £ (uy, uy). So we may assume that £ is bounded, in particular,
that D(E) = L?(E;m).

3. Each u, belongs to L?(E;m), so we can find a common m-o-
finite support F for (up)nen and u. Restricting £ to the subspace {v €
D(E) | v=0m — a.e. on F°} gives a bounded, symmetric, positivity
preserving form on L?(F;m|r), without changing & (up,u,) or £ (u,u).
Hence without loss of generality, we may assume that E itself is m-o-
finite.

4. Since E is m-o-finite, and sup,, u?2 is finite m-almost everywhere,
for any 8 > 0 we can find a function p so that 0 < p < 1 m-almost
everywhere and [ max(sup, u2,1)pdm < . The form

Epp(v,w) == E(v,w) + ﬁ[vap dm, (13)

is a bounded, symmetric, positivity preserving form and if £, 3 has the
Fatou property then we get the result by letting 3 — 0 in

E(u,u) <&, 5(u,u) < lin}linf Ep p(tn, up) < 1imninf5(un7un) + 3.
(14)
The &, g forms are transient, since

lv|pdm < dm v v2pd 1/2<5 (v,0)Y2,  (15)
. P < P pam = Cppl,v) ",

for all v € D(E). So without loss of generality, we may assume that
(€,D(E)) is transient.

5. Finally, the transience allows us to transform (£, D(€)) into a
Dirichlet form. From Note 3, we can find p € L?(E;m) so that Gp <
oo m-almost everywhere. Let v € L?*(E;m) and note that because
€ is positivity preserving we have E(Gxp — v A Gap, (v — Gap)t) =
E((v—Grp)~, (v — Gxp)T) < 0. On the other hand, since p is a pos-
itive function we get E(Gap, (v — Gap)™) + MGap, (v — Grp) )2 =
(p, (v=Gxp)T) 2 > 0. These two inequalities, plus the fact that Gp(v—
Gap)t <2 gives E(v AGAp, v AGrp) < E(vAGrp,v) + A(v,v) 2, and
letting A — 0 gives

E(vANGp,v NGp) < E(vAGp,v). (16)
Since the operator G, is one-to-one [3; Chapter I, Proposition 1.5], for
any set B with 0 < m(B) < co we have G\(1p) > 0 and G\(1p) # 0.

Now (Gap,1B)r2 = (p,GA(1B))r2 > 0, which shows that G,p and
hence Gp is strictly positive m-almost surely.
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Let h := Gp to get a bijection between L?(E;h?m) and L?(E;m)
given by v < vh. Define a bilinear form on L?(E;h?m) by (v, w) :=
E(vh,wh). For any v € L?(E; h®m), the inequality in (16) says that

EMonl,unl) = E(whAh,vhAR) < E(vhAh,vh) = EMw AT, V), (17)

so that (&, D(EM)) is a Dirichlet form. Now (u,/h) — (u/h) almost
everywhere with respect to h%2m, so by Proposition 1 we have

EMu/h,u/h) < lim. inf E"(uy, /b, un /h), (18)

which is the desired result.
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