
DLSS (2001/03/15)

Generalized Mehler Semigroups and Catalytic
Branching Processes with Immigration

Donald A. Dawson1

School of Mathematics and Statistics, Carleton University,
1125 Colonel By Drive, Ottawa, Ontario, Canada K1S 5B6

Zenghu Li2

Department of Mathematics, Beijing Normal University,
Beijing 100875, P.R. China

Byron Schmuland3 and Wei Sun4

Department of Mathematical Sciences, University of Alberta,
Edmonton, Alberta, Canada T6G 2G1

Abstract

A generalized Mehler semigroup (Ornstein-Uhlenbeck semigroup) as-
sociated with some strongly continuous semigroup of linear operators on
a real separable Hilbert space may be defined by using a skew convolu-
tion semigroup. Under a mild moment assumption, it is proved that the
characteristic functional of any centered skew convolution semigroup is
absolutely continuous and characterizations are given for centered skew
convolution semigroups whose characteristic functionals are not necessar-
ily differentiable at the initial time. A connection between the subject
and measure-valued catalytic branching processes is established by using
fluctuation limits of their associated immigration processes. Path regu-
larity of the generalized the corresponding Ornstein-Uhlenbeck processes
in different topologies is also discussed.

AMS Subject Classifications: Primary 60G51; Secondary 60G57,
60J80

Key words and phrases: generalized Ornstein-Uhlenbeck process,
generalized Mehler semigroup, skew convolution semigroup, measure-valued

1Supported by an NSERC Research Grant and a Max Planck Award.
2Supported by an NSERC Research Grant and the NNSF Grant 19361060.
3Supported by an NSERC Research Grant.
4Supported by an NSERC Research Grant and an MITACS-PINTS Postdoctoral Fellowship.

1
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1 Introduction

Suppose that E is a real separable Hilbert space with dual space E∗. We use m̂(a),
a ∈ E∗, to denote the characteristic functional of a given Borel probability measure m
on E. Let (Tt)t≥0 be a strongly continuous semigroup of linear operators on E with dual
(T ∗

t )t≥0 and let (µt)t≥0 be a family of probability measures on E. The family (µt)t≥0 is
called a skew convolution semigroup associated with (Tt)t≥0 if the following equation
is satisfied:

µr+t = (Ttµr) ∗ µt, r, t ≥ 0, (1.1)

where “∗” denotes the convolution operation. The above equation holds if and only if
we can define a Markov transition semigroup (Pt)t≥0 on E by

Ptf(x) :=

∫

E

f(Ttx+ y)µt(dy), x ∈ E, f ∈ B(E), (1.2)

where B(E) denotes the totality of bounded Borel measurable functions on E. In
this case, (Pt)t≥0 is called a generalized Mehler semigroup or generalized Ornstein-
Uhlenbeck semigroup, which corresponds to an Ornstein-Uhlenbeck process with state
space E. The above formulation of Ornstein-Uhlenbeck processes was given by Bogachev
et al (1996). One motivation to study those processes is that they constitute a large
class of explicit examples of processes on infinite-dimensional spaces. We refer the
reader to Bogachev et al (1996) and Fuhrman and Röckner (2000) for the discussion
from theoretical viewpoints. In particular, it was proved in Bogachev et al (1996, Lemma
2.6 and Proposition 4.3) that if, for all a ∈ E∗, the function t 7→ µ̂t(a) is absolutely
continuous on [0,∞) and differentiable at t = 0 and if, setting λ(a) := −(d/dt)µ̂t(a)jt=0,
the function t 7→ λ(T ∗

t a) is locally Lebesgue integrable on [0,∞), then equality (1.1) is
equivalent to

µ̂t(a) = exp
{

−
∫ t

0

λ(T ∗
s a)ds

}

, t ≥ 0, a ∈ E∗, (1.3)

and in this case λ is negative definite. This result gives a characterization for a special
class of generalized Mehler semigroups defined by (1.2).

There is also a body of work that looks at a similar equation in measure-valued
setting, motivated by the study of immigration structures associated with branching
systems. Suppose that F is a Lusin topological space with Borel σ-algebra B(F ). We
denote by B(F )+ the set of bounded non-negative B(F )-measurable functions on F .
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Let M(F ) be the totality of finite measures on (E,B(F )) endowed with the topology
of weak convergence. Set µ(f) =

∫

E
fdµ for f ∈ B(F )+ and µ ∈ M(F ). A Borel right

Markov process X with state space M(F ) and transition semigroup (Qt)t≥0 is called a
regular measure-valued branching process (superprocess) if there is a locally bounded
semigroup of operators (Vt)t≥0 on B(F )+ such that

∫

M(F )

e−ν(f)Qt(µ, dν) = exp f−µ(Vtf)g , t ≥ 0, µ ∈ M(F ), f ∈ B(F )+. (1.4)

In this case, (Vt)t≥0 is called the cumulant semigroup of X. A class of measure-
valued immigration processes was formulated in Li (1995/1996, 1996) as follows. A
family (Nt)t≥0 of probability measures onM(F ) is called a skew convolution semigroup
associated with (Qt)t≥0 if it satisfies

Nr+t = (NrQt) ∗Nt, r, t ≥ 0. (1.5)

We use the same terminology for solutions of (1.1) and those of (1.5) since formally (1.1)
is a special case of (1.5). The similarity between the two equations was first noticed by
L.G. Gorostiza. Equation (1.5) holds if and only if

QN
t (µ, ·) := Qt(µ, ·) ∗Nt, t ≥ 0, µ ∈ M(F ), (1.6)

defines a Markov semigroup (QN
t )t≥0 onM(F ). If Y is a Markov process inM(F ) having

transition semigroup (QN
t )t≥0, we call it an immigration process associated with X.

It was proved in Li (1995/1996) that the family of probability measures (Nt)t≥0 is a
skew convolution semigroup associated with (Qt)t≥0 if and only if there is an infinitely
divisible probability entrance law (Ks)s>0 for (Qt)t≥0 such that

log

∫

M(F )

e−ν(f)Nt(dν) =

∫ t

0

[

log

∫

M(F )

e−ν(f)Ks(dν)
]

ds, t ≥ 0, f ∈ B(F )+. (1.7)

This result gives a complete characterization for the solutions of (1.5). Some repre-
sentations of the infinitely divisible probability entrance laws and path regularity of
the corresponding immigration processes were studied in Li (1996, 1998b). The corre-
sponding theory for branching particle systems was developed in Li (1998a) and a time
inhomogeneous version of (1.5) was discussed in Li (2001). The connection between
measure-valued immigration processes and generalized Ornstein-Uhlenbeck processes
was studied in Gorostiza and Li (1998, 1999) and Li (1999).

Recently, Schmuland and Sun (2001) proved that the probability measures (µt)t≥0

satisfying (1.1) are always infinitely divisible and, in some typical cases, the function
t 7→ µ̂t(a) is continuous on [0,∞). By (1.7), the function

t 7→
∫

M(F )

e−ν(f)Nt(dν) (1.8)

is differentiable at t = 0 for all continuous f ∈ B(F )+ if and nearly only if (Ks)s>0 can
be closed by an infinitely divisible probability measure K0 on M(F ). Therefore, one
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naturally expects that equation (1.1) could have solutions for which t 7→ µ̂t(a) is not
differentiable at t = 0 and, under suitable regularity conditions, the absolute continuity
of t 7→ µ̂t(a) would follow automatically from (1.1). This observation provided one
motivation for the present work.

Another motivation of the work came from the study of a class of catalytic branching
superprocesses described as follows. Let D ⊂ IRd be a domain with smooth boundary.
Suppose that L is a uniformly elliptic differential operator onD with Dirichlet boundary
conditions. Let η ∈ B(D)+ and let φ(·, ·) be a function on D× [0,∞) of a certain form
to be specified. It is known that

∂

∂t
Vtf(x) = LVtf(x)− η(x)φ(x, Vtf(x)), (1.9)

V0f(x) = f(x),

defines the cumulant semigroup (Vt)t≥0 of a superprocess with state space M(D); see
e.g. Dawson (1993). The process describes the catalytic reaction of a large number of
infinitesimal particles moving according to the transition law of the diffusion process
generated by L and splitting according to the branching mechanism given by φ(·, ·).
The value η(x) represents the density at x ∈ D of a catalyst which causes the splitting.
However, there are some catalytic reactions in which the catalyst is concentrated on a
very small set and in that case the coefficient η(·) has to be replaced by an irregular
one; see e.g. Pagliaro and Taylor (1988). These lead to the study of a catalyst given not
by a regular density function but rather by a measure η(dx) := catalytic mass in the
volume element dx. Then we may reformulate (1.9) into the corresponding mild form

Vtf(x) = Ptf(x)−
∫ t

0

ds

∫

D

φ(y, Vsf(y))pt−s(x, y)η(dy), t ≥ 0, x ∈ D, (1.10)

where (Pt)t≥0 and (pt)t>0 denote respectively the transition semigroup and the transition
density of the diffusion process generated by L. The study of branching models with
irregular catalysts was initiated by Dawson and Fleischmann (1991, 1992) and there
has been a considerable development and literature in the mathematical theory since
then; see e.g. Dawson and Fleischmann (1999) for a recent survey. We shall consider
in detail the situation where D = (0,∞).

In this paper, we give some basic characterizations for the skew convolution semi-
groups defined by (1.1) and the corresponding generalized Ornstein-Uhlenbeck pro-
cesses. Since a non-centered solution of (1.1) may behave very irregularly as observed
in Schmuland and Sun (2001), we shall only consider centered solutions. Under a mild
moment assumption, we show that the absolute continuity of t 7→ µ̂t(a) does follow
from (1.1) and we give characterizations for solutions (µt)t≥0 for which the functions
t 7→ µ̂t(a) are not necessarily differentiable at t = 0. An important feature of the
Ornstein-Uhlenbeck processes corresponding to such solutions is that they have right
continuous strong Markov realizations only when the state space E is suitably extended,
which is quite similar to the situation of the immigration processes investigated in Li
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(1996, 1998a, 2001). We discuss the regularity of the Ornstein-Uhlenbeck processes
in the particular case where E = L2(0,∞) and (Tt)t≥0 is the transition semigroup of
the absorbing barrier Brownian motion (ABM) in (0,∞). We shall see that the corre-
sponding Ornstein-Uhlenbeck processes arise naturally in the study of fluctuation limits
of immigration processes associated with catalytic branching super ABM over (0,∞).
The Ornstein-Uhlenbeck processes with state space L2(0,∞) usually do not have right
continuous sample paths, neither do they have the strong Markov property. Neverthe-
less, we show that some of them do have the regularity if we regard them as processes
with values of signed-measures. The study of generalized Mehler semigroups on Hilbert
spaces and that of catalytic branching processes have been going independently of each
other with different motivations, techniques, and so on. Our results establish some
connection between the two subjects and give interpretations of the abstract results on
generalized Mehler semigroups from the viewpoint of applications. In the connection,
important roles are played by the measure-valued immigration processes formulated
in Li (1995/1996, 1996) and their small branching fluctuation limits of the type of
Gorostiza (1996), Gorostiza and Li (1998) and Li (1999, 2000).

2 Characterization of skew convolution semigroups

By a result of Schmuland and Sun (2001), if (µt)t≥0 is a solution of (1.1), then each µt

is an infinitely divisible probability measure. Let

K1(a, x) := ei〈x,a〉 − 1− i〈x, a〉, x ∈ E, a ∈ E∗.

We shall only consider infinitely divisible probability measures (µt)t≥0 with character-
istic functionals represented by

µ̂t(a) = exp
{

− 1

2
〈Rta, a〉+

∫

E◦
K1(a, x)Mt(dx)

}

, t ≥ 0, a ∈ E∗, (2.1)

where fRt : t ≥ 0g is a family of nuclear operators on E and t 7→ (‖x‖ ∧ ‖x‖2)Mt(dx) is
a finite kernel from [0,∞) to E◦ := E \f0g. (This integral condition is slightly stronger
than the one usually required for a Lévy measure; see e.g. Linde (1986, page 75).) In
particular, (µt)t≥0 are centered probability measures. Let (µg

t )t≥0 and (µp
t )t≥0 denote

respectively the centered Gaussian and the centered Poisson type factors of (µt)t≥0. It
is easy to check that (µt)t≥0 satisfies (1.1) if and only if both (µg

t )t≥0 and (µp
t )t≥0 satisfy

the same equation. Indeed, (µg
t )t≥0 satisfies (1.1) if and only if

Rr+t = TtRrT
∗
t +Rt, r, t ≥ 0 (2.2)

and (µp
t )t≥0 satisfies (1.1) if and only if

Mr+t = (TtMr)jE◦ +Mt, r, t ≥ 0. (2.3)
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Theorem 2.1 A family of probability measures (µt)t≥0 on E is a centered Gaussian type
solution of (1.1) if and only if its characteristic functionals are represented by

µ̂t(a) = exp
{

− 1

2

∫ t

0

〈Usa, a〉ds
}

, t ≥ 0, a ∈ E∗, (2.4)

where fUs : s > 0g is a family of nuclear operators on E satisfying Us+t = TtUsT
∗
t for

all s, t > 0 and

∫ t

0

TrUsds < ∞, t ≥ 0.

Proof. Suppose (µt)t≥0 is given by (2.4) and let Rt =
∫ t

0
Usds. Under the assumptions,

(Rt)t≥0 satisfies (2.2), so (µt)t≥0 is a centered Gaussian type solution of (1.1). To prove
the inverse assertion, suppose (µt)t≥0 is a centered Gaussian type solution of (1.1). Then
we have

∫

E

‖x‖2µr+t(dx) =

∫

E

‖Ttx‖2µr(dx) +

∫

E

‖x‖2µt(dx), r, t ≥ 0. (2.5)

It follows that

g(t) :=

∫

E

‖x‖2µt(dx), t ≥ 0, (2.6)

is a non-decreasing function. Since (Tt)t≥0 is strongly continuous, there are constants
c ≥ 1 and b ≥ 0 such that ‖Tt‖ ≤ cebt. We claim that, for 0 < r1 < t1 < · · · < rn < tn ≤
l,

n
∑

j=1

[g(tj)− g(rj)] ≤ c2e2blg(σn), (2.7)

where σn =
∑n

j=1(tj − rj). When n = 1, this follows from (2.5). Now assume (2.7)
holds for n− 1. Applying (2.5) twice,

n
∑

j=1

[g(tj)− g(rj)] ≤ [g(tn)− g(rn)] + c2e2bl
∫

E

‖x‖2µσn−1(dx)

=

∫

E

‖Trnx‖2µtn−rn(dx) + c2e2bl
∫

E

‖x‖2µσn−1(dx)

≤ c2e2bl
∫

E

‖Tσn−1x‖2µtn−rn(dx) + c2e2bl
∫

E

‖x‖2µσn−1(dx)

= c2e2bl
∫

E

‖x‖2µσn(dx),

giving (2.7). Letting r → 0 and t → 0 in (2.5) and using the fact that g(·) is a non-
decreasing function one sees g(t) → 0 as t → 0. By this and (2.7), g(t) is absolutely
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continuous in t ≥ 0. From (2.2) we see that 〈Rta, a〉 is a non-decreasing function of
t ≥ 0 for any a ∈ E∗. For t ≥ r ≥ 0, (2.2) yields

〈Rta, a〉 − 〈Rra, a〉 = 〈Rt−rT
∗
r a, T

∗
r a〉 =

∫

E

〈x, T ∗
r a〉2µt−r(dx)

≤ ‖a‖2
∫

E

‖Trx‖2µt−r(dx) = ‖a‖2[g(t)− g(r)].

Then 〈Rta, a〉 is absolutely continuous in t ≥ 0. Now it is simple to see that 〈Rta, b〉
is absolutely continuous in t ≥ 0 for all a and b ∈ E∗. Let fen : n = 1, 2, . . .g be an
orthonormal basis of E = E∗. From the above arguments, there are locally integrable
functions Am,n(·) on [0,∞) such that

〈Rtem, en〉 =
∫ t

0

Am,n(s)ds, t ≥ 0, m, n ≥ 1. (2.8)

¿From the symmetry of Rt we get

∫ t

0

Am,n(s)ds =

∫ t

0

An,m(s)ds, (2.9)

while the positivity of Rt gives

〈Rta, a〉 =
∫ t

0

∞
∑

m,n=1

Am,n(s)〈a, em〉〈a, en〉ds ≥ 0 (2.10)

for a ∈ spanfe1, e2, . . .g. (The sum is actually finite!) In addition, since Rt is nuclear
we have

Tr(Rt) =
∞
∑

n=1

〈Rten, en〉 =
∫ ∞

0

(
∞
∑

n=1

An,n(s)
)

ds < ∞. (2.11)

Let F be the Borel subset of [0,∞) consisting of s ≥ 0 such that Am,n(s) = An,m(s) for
m,n ≥ 1 and

∞
∑

m,n=1

Am,n(s)〈a, em〉〈a, en〉 ≥ 0 and
∞
∑

n=1

An,n(s) < ∞ (2.12)

for a ∈ spanfe1, e2, . . .g with rational coefficients. By (2.9), (2.10) and (2.11), F has
full Lebesgue measure. For any s ∈ F ,

Usa =
∞
∑

m,n=1

Am,n(s)〈a, em〉en, a ∈ E, (2.13)
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defines a positive, symmetric linear operator on spanfe1, e2, . . .g with 〈Usem, en〉 =
Am,n(s). Taking b = xem + yen we get

〈Usb, b〉 = (x y)

(

Am,m(s) Am,n(s)
An,m(s) An,n(s)

)(

x
y

)

≥ 0,

so that the 2 × 2 matrix above is non-negative definite. Therefore its determinant is
non-negative, that is,

Am,n(s)
2 ≤ Am,m(s)An,n(s). (2.14)

By this and Schwarz inequality,

‖Usa‖2 =
∞
∑

n=1

(
∞
∑

m=1

Am,n(s)〈a, em〉
)2

≤
∞
∑

n=1

An,n(s)
(

∞
∑

m=1

Am,m(s)
1/2j〈a, em〉j

)2

≤
(

∞
∑

n=1

An,n(s)
)2

‖a‖2

for s ∈ F . This shows that Us is a bounded operator and can be extended to the entire
space E. In fact, Us is a nuclear operator since

Tr(Us) =
∞
∑

n=1

〈Usen, en〉 =
∞
∑

n=1

An,n(s) < ∞.

By (2.8) and (2.13), for a ∈ spanfe1, e2, . . .g we have

〈Rta, a〉 =
∞
∑

m,n=1

〈a, em〉〈a, en〉〈Rtem, en〉 =
∫ t

0

〈Usa, a〉ds, t ≥ 0. (2.15)

Since s 7→ Tr(Us) is locally integrable, by dominated convergence we see that (2.15)
holds for all a ∈ E∗. Now (2.2) implies that

∫ r

0

〈Us+ta, a〉ds =

∫ r

0

〈UsT
∗
t a, T

∗
t a〉ds, r, t ≥ 0, a ∈ E∗.

Since E∗ is separable, by Fubini’s theorem, there are subsets H and Hs of [0,∞) with
full Lebesgue measure such that

Us+t = TtUsT
∗
t , s ∈ H, t ∈ Hs.

Choose a decreasing sequence sn ∈ H with sn → 0, and define

Ut = Tt−snUsnT
∗
t−sn, t > sn.

Under this modification, (Ut)t>0 satisfies Ur+t = TtUsT
∗
t for all r, t > 0, while (2.15)

remains unchanged. tu
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Theorem 2.2 A family of probability measures (µt)t≥0 on E is a centered Poisson type
solution of (1.1) if and only if its characteristic functionals are represented by

µ̂t(a) = exp
{

∫ t

0

ds

∫

E◦
K1(a, x)Ls(dx)

}

, t ≥ 0, a ∈ E∗, (2.16)

where Ls(dx) is a σ-finite kernel from (0,∞) to E◦ satisfying Lr+t = (TtLr)jE◦ for all
r, t > 0 and

∫ t

0

ds

∫

E

(‖x‖ ∧ ‖x‖2)Ls(dx) < ∞, t ≥ 0.

Proof. It is easy to see that if (µt)t≥0 is given by (2.16), then it is a centered Poisson
type solution of (1.1). Now suppose (µt)t≥0 is a centered Poisson type solution of (1.1)
with Lévy measures (Mt)t≥0. We shall prove (µ̂t)t≥0 is of the form (2.16). From (2.3)
we see that Mt is non-decreasing in t ≥ 0. Let c ≥ 1 and b ≥ 0 be as in the proof of
Theorem 2.1 and let

h(t) :=

∫

E◦
(‖x‖ ∧ ‖x‖2)Mt(dx), t ≥ 0.

By (2.3) we have, for t, r ≥ 0,

h(r + t)− h(r) =

∫

E◦
(‖Trx‖ ∧ ‖Trx‖2)Mt(dx),

which is bounded above by c2e2brg(r). As in the proof of Theorem 2.1, one sees that h(t)
is absolutely continuous in t ≥ 0. Since the family of finite measure νt(dx) := (‖x‖ ∧
‖x‖2)Mt(dx) is non-decreasing and since t 7→ h(t) = νt(E◦) is absolutely continuous,
ν([0, t], B) = νt(B) defines a locally bounded Borel measure ν(·, B) on [0,∞) for each
B ∈ B(E◦). A monotone class argument shows that ν(A, ·) is a Borel measure on E◦

for each A ∈ B([0,∞)), so that ν(·, ·) is a bimeasure. By Ethier and Kurtz (1996, page
502), there is a probability kernel Js(dx) from [0,∞) to E◦ such that

ν(A,B) =

∫

A

Js(B)ν(ds,E◦) =

∫

A

Js(B)dh(s) =

∫

A

Js(B)h′(s)ds,

where h′(s) is a Radon-Nikodym derivative of dh(s) relative to the Lebesgue measure.
Using the σ-finite kernel Ls(dx) := (‖x‖ ∧ ‖x‖2)−1h′(s)Js(dx) we obtain

∫

E◦
K1(a, x)Mt(dx) =

∫ t

0

ds

∫

E◦
K1(a, x)Ls(dx) (2.17)

for t ≥ 0 and a ∈ E∗. Now (2.3) implies that

∫ r

0

ds

∫

E◦
K1(a, x)Ls+t(dx) =

∫ r

0

ds

∫

E◦
K1(a, x)Ls(dx)
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for all r, t ≥ 0 and a ∈ E∗. Since E∗ is separable, one can modify the definition of the
family (Lt)t>0 similarly as in the proof of Theorem 2.1 so that it satisfies Lr+t = (TtLr)jE◦

for all r, t > 0, while (2.17) remains unchanged. tu
Observe that, for the families fUs : s > 0g and fLs : s > 0g given as in Theorems

2.1 and 2.2,

ν̂s(a) = exp
{

− 1

2
〈Usa, a〉+

∫

E◦
K1(a, x)Ls(dx)

}

, s > 0, a ∈ E∗, (2.18)

defines a family of centered infinitely divisible probability measures fνs : s > 0g on E
satisfying νr+t = Ttνr for all r, t > 0. Combining together Theorems 2.1 and 2.2 we get
the following theorem which improves the characterizations of Bogachev et al (1996,
Lemma 2.6 and Proposition 4.3) and presents a Hilbert space version of the results of
Li (1995/1996, Theorem 2) and Li (2001, Theorems 3.1 and 3.7).

Theorem 2.3 The family of centered probabilities (µt)t≥0 given by (2.1) is a solution of
(1.1) if and only if there is a family (νs)s>0 given by (2.18) such that the characteristic
functionals of (µt)t≥0 are represented by

µ̂t(a) = exp
{

∫ t

0

log ν̂s(a)ds
}

, t ≥ 0, a ∈ E∗, (2.19)

where log ν̂s(·) denotes the unique continuous function on E∗ with log ν̂s(0) = 0 and
ν̂s(a) = expflog ν̂s(a)g for all a ∈ E∗.

Now let us see some particular skew convolution semigroups included in (2.19) whose
characteristic functionals are not necessarily differentiable at the initial time. Let D :=
(0,∞) and let λ denote the one-dimensional Lebesgue measure. We shall consider the
Hilbert space L2(D,λ). Let

gt(x) =
1√
2πt

expf−x2/2tg, t > 0, x ∈ IR,

and let

pt(x, y) = gt(x− y)− gt(x+ y), t > 0, x, y ∈ D. (2.20)

We may define a semigroup of linear operators (Pt)t≥0 on L2(D,λ) by P0h = h and

Pth(x) =

∫

D

pt(x, y)h(y)dy, t > 0, x ∈ D. (2.21)

Indeed, (Pt)t≥0 is the transition semigroup of the ABM in D. Let

kt(y) = 2−1(d/dx)pt(x, y)jx=0+ = ygt(y)/t, t > 0, x ∈ D. (2.22)
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Then we have
∫∞
0

kt(y)dt = 1 and

kr+t(y) =

∫

D

pt(x, y)kr(x)dx, r, t > 0, y ∈ D. (2.23)

Example 2.1 Let η be a finite measure on D and let ϕ(·, ·) be a function on D × IR
with the representation

ϕ(x, z) = −c(x)z2 +

∫

IR◦
(eizu − 1− izu)m(x, du), x ∈ D, z ∈ IR,

where c ∈ B(D)+ and u2m(x, du) is a bounded kernel from D to IR◦ := IR \ f0g. By
Theorem 5.1, there is a skew convolution semigroup (µt)t≥0 on L2(D,λ) given by

µ̂t(f) = exp
{

∫ t

0

η(ϕ(Psf))ds
}

, t ≥ 0, f ∈ L2(D,λ). (2.24)

Clearly, this skew convolution semigroup is a special form of the one given by (2.19).
In general, (µt)t≥0 does not satisfy the regularity condition imposed in Bogachev et al
(1996) and Fuhrman and Röckner (2000). As an example, take any x0 ∈ D and let η =
δx0, ϕ(x, z) ≡ −z2 and f(x) = jx2−x2

0j−1/3. In this case, η(ϕ(Psf)) = −Psf(x0)2 → −∞
as s → 0+ and hence the function t 7→ µ̂t(f) is not differentiable at t = 0. We shall
see that Ornstein-Uhlenbeck processes corresponding to skew convolution semigroups
of this type arise naturally as the fluctuation limits of some immigration processes
associated with the catalytic branching super ABM.

Example 2.2 Let ϕ(·) be given by

ϕ(z) =

∫

IR◦

(

eiuz − 1− iuz
)

m(du), x ∈ D, z ∈ IR,

where (1 ∨ juj)m(du) is a finite measure on IR◦. By Theorem 5.3,

µ̂′
t(f) = exp

{

∫ t

0

ϕ(〈ks, f〉)ds
}

, t ≥ 0, f ∈ L2(D,λ), (2.25)

defines a skew convolution semigroup (µ′
t)t≥0 on L2(D,λ). This skew convolution semi-

group is obtained from the last example by replacing ϕ(x, z) and η(dx) in (2.24) by
ϕ(nz) and δ1/2n(dx), respectively, and letting n → ∞. Using (2.23) one may check
that (µ′

t)t≥0 is included in (2.16). Unless ϕ(·) is trivial, ϕ(〈ks, f〉) is not convergent for
general f ∈ L2(D,λ) as s → 0+, so this skew convolution semigroup is not included in
(1.3).

3 Catalytic branching processes with immigration

In this section, we define a catalytic branching superprocess and its immigration pro-
cesses. For simplicity, we only consider the case where the underlying motion is an
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ABM in (0,∞). Let M(D) denote the space of finite Borel measures on D := (0,∞).
We endow M(D) with the topology of weak convergence. Let φ be given by

φ(x, z) = c(x)z2 +

∫ ∞

0

(e−zu − 1 + zu)m(x, du), z ≥ 0, x ∈ D, (3.1)

where c ∈ B(D)+ and u2m(x, du) is a bounded kernel from D to (0,∞). Let η be a
measure on D to which there correspond constants c = c(η) > 0 and l = l(η) > 0 such
that

η([x, x+ l]) ≤ cl, x ∈ D. (3.2)

Clearly, the above condition is satisfied if η is finite or absolutely continuous with respect
to the Lebesgue measure with bounded density function. Let fls(x) : x > 0, s > 0g be
a continuous version of the local time of an ABM B with transition semigroup (Pt)t≥0

defined by (2.20) and (2.21). Then k(t) := η(lt) defines a continuous additive functional
of B.

Lemma 3.1 For any x ∈ D and t > 0,

Exk(t) =

∫ t

0

ds

∫

D

ps(x, y)η(dy) ≤ 2c
√
t
(√

2l+
√
πt
)

.

Proof. By the definition of k(t) and the assumption (3.2) we have

Exk(t) =

∫ t

0

ds

∫

D

ps(x, y)η(dy)

≤
∫ t

0

ds

∫

D

gs(y − x)η(dy)

≤
∫ t

0

2cl√
2πs

∞
∑

k=0

exp
{

− k2l2

2s

}

ds

≤
∫ t

0

c√
2πs

(

2l+

∫

IR

exp
{

− y2

2s

}

dy
)

ds

≤
∫ t

0

c√
2πs

(

2l+
√
2πs

)

ds

≤ 2c
√
t
(√

2l+
√
πt
)

,

as desired. tu
By Lemma 3.1 and the general construction of measure-valued branching processes,

there is a Markov transition semigroup (Qt)t≥0 on M(D) that is determined by

∫

M(D)

e−ν(f)Qt(µ, dν) = expf−µ(Vtf)g, f ∈ B(D)+, (3.3)

12



where Vtf denotes the unique positive solution of the evolution equation

Vtf(x) = Ptf(x)−
∫ t

0

ds

∫

D

φ(y, Vsf(y))pt−s(x, y)η(dy), t ≥ 0, x ∈ D; (3.4)

see e.g. Dawson (1993), Dynkin (1994) or Leduc (2000). A Markov process X on
M(D) with transition semigroup (Qt)t≥0 is called a catalytic branching super ABM
with parameters (η, φ). The catalytic branching process was introduced by Dawson
and Fleischmann (1991, 1992) as a stochastic model for physiochemical and biological
systems and it has been studied by many others; see Dawson and Fleischmann (1999)
for a recent survey.

Let κt(dx) = kt(x)dx. By (2.23), (κt)t>0 form an entrance law for the underlying
semigroup (Pt)t≥0, that is, κrPt = κr+t for all r, t > 0. Let

St(κ, f) = κt(f)−
∫ t

0

ds

∫

D

φ(y, Vsf(y))kt−s(y)η(dy), t > 0, f ∈ B(D)+. (3.5)

As in Li (1996) one may see that

∫

M(D)

e−ν(f)Qκ
t (µ, dν) = exp

{

− µ(Vtf)−
∫ t

0

Sr(κ, f)dr
}

, f ∈ B(D)+, (3.6)

defines the transition semigroup (Qκ
t )t≥0 of an immigration process associated with the

catalytic branching super ABM with parameters (η, φ, κ).
To understand how formula (3.6) arises, observe that if u > 0, then κu is a finite

measure on D, so

∫

M(D)

e−ν(f)Qκu
t (µ, dν) = exp

{

− µ(Vtf)−
∫ t

0

κu(Vrf)dr
}

, f ∈ B(D)+, (3.7)

defines the transition semigroup of a catalytic branching super ABM process with im-
migration; see e.g. Dawson (1993, page 114) or Li (1992). Since

κu(Vrf) = κu(Prf)−
∫

D

κu(dx)

∫ r

0

ds

∫

D

φ(y, Vsf(y))pr−s(x, y)η(dy)

= κu+r(f)−
∫ r

0

ds

∫

D

φ(y, Vsf(y))κu+r−s(x, y)η(dy)

→ Sr(κ, f)

as u → 0+, (3.6) is actually the limit form of (3.7).

4 Fluctuation limits of immigration processes

In this section, we study the small branching fluctuation limits of the catalytic branching
super ABM with immigration following the lines set up in Gorostiza (1996), Gorostiza
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and Li (1998, 1999) and Li (1999). These will give a construction for a class of Ornstein-
Uhlenbeck processes taking distribution values.

Let ρ be a strictly positive, infinitely differentiable function on D with ρ(x) = x for
0 < x ≤ 1 and ρ(x) = x−2 for x ≥ 2. Let Bρ(D) denote the set of functions f ∈ B(D)
satisfying jf j ≤ const · ρ. Let S(D) be the space of infinitely differentiable functions
f ∈ B(D) such that

jjjf jjjn := max
0≤k≤n

sup
−∞<u<∞

∣

∣

∣(1 + u2)n
dk

duk
f(eu)

∣

∣

∣ < ∞, n = 0, 1, 2, . . . . (4.1)

Then S(D) topologized by the norms fjjj · jjjn : n = 0, 1, 2, . . .g is a nuclear space, which
may be obtained by the transformation u 7→ eu from the Schwartz space S(IR) defined
in Hida (1980, page 305). Let S ′(D) denote the dual space of S(D).

Suppose that fYt : t ≥ 0g is an immigration process associated with the catalytic
branching super ABM with parameters (η, φ, κ). For θ > 0 let Sθ(D) = fµ− θ−1λ : µ ∈
M(D)g and define the S1(D)-valued process Z = fZt : t ≥ 0g by Zt = Yt − λ. Then we
have a.s.

E[expf−Zr+t(f)gjZs : 0 ≤ s ≤ r]

= exp
{

− Zr(Vtf) + λ(f − Vtf)−
∫ t

0

Su(κ, f)du
}

.

Note that
∫∞
0

kt(x)dt = 1. Then we have

∫ t

0

Sr(κ, f)dr =

∫ t

0

κr(f)dr −
∫ t

0

dr

∫ r

0

η(kr−sφ(Vsf))ds

= λ(f − Ptf)−
∫ t

0

ds

∫ t−s

0

η(krφ(Vsf))dr

= λ(f − Ptf)−
∫ t

0

ds

∫

D

[

1−
∫

D

pt−s(x, y)dx
]

φ(y, Vsf(y))η(dy)

= λ(f − Vtf)−
∫ t

0

η(φ(Vsf))ds.

Therefore, fZt : t ≥ 0g is a Markov process with transition semigroup (T κ
t )t≥0 given by

∫

S1(D)

e−ν(f)T κ
t (µ, dν) = exp

{

− µ(Vtf) +

∫ t

0

η(φ(Vsf))ds
}

, f ∈ Bρ(D)+. (4.2)

For any θ > 0 let φθ(x, z) = φ(x, θz). Then φθ(x, z) → 0 as θ → 0. Suppose
that fY θ

t : t ≥ 0g is an immigration process associated with the catalytic branching
super ABM with parameters (η, φθ, κ) and Y θ

0 = λ. We define the fluctuation process
fZθ

t : t ≥ 0g by

Zθ
t = θ−1[Y θ

t − λ], t ≥ 0. (4.3)
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We are interested in the limiting behavior of the process fZθ
t : t ≥ 0g as θ → 0.

¿From the discussions above, we know that fZθ
t : t ≥ 0g is a Markov process with

Zθ
0 = 0 and with semigroup (Rθ

t )t≥0 determined by

∫

Sθ(D)

e−ν(f)Rθ
t (µ, dν) = exp

{

− µ(θV θ
t (f/θ)) +

∫ t

0

η(φ(θV θ
s (f/θ)))ds

}

, (4.4)

where (V θ
t )t≥0 is defined by

V θ
t f(x) +

∫ t

0

ds

∫

D

φθ(y, V
θ
s f(y))pt−s(x, y)η(dy) = Ptf(x). (4.5)

Lemma 4.1 If fθ → f ∈ B(D)+ boundedly as θ → 0, then θV θ
t (fθ/θ) → Ptf boundedly

as θ → 0.

Proof. By (4.5) we have V θ
t f(x) ≤ Ptf(x) and hence θV θ

t (fθ/θ)(x) ≤ Ptfθ(x) for all
t ≥ 0 and x ∈ D. ¿From (4.5) we have

θV θ
t (fθ/θ)(x) +

∫ t

0

ds

∫

D

θφ(y, V θ
s (fθ/θ)(y))pt−s(x, y)η(dy) = Ptfθ(x).

Clearly, the second term on the left hand side goes to zero as θ → 0, we have θV θ
t (fθ/θ) →

Ptf boundedly as θ → 0. tu

Theorem 4.1 The finite-dimensional distributions of fZθ
t : t ≥ 0g converge as θ → 0 to

those of the S ′(D)-valued Markov process fZ0
t : t ≥ 0g with Z0

0 = 0 and with semigroup
(R1

t )t≥0 determined by

∫

S′(D)

e−ν(f)R1
t (µ, dν) = exp

{

− µ(Ptf) +

∫ t

0

η(φ(Psf))ds
}

, f ∈ S(D)+, (4.6)

where φ(·, ·) is given by (3.1).

Proof. For 0 ≤ t1 < . . . < tn and f1, . . . , fn ∈ S(D)+ set

h
(θ)
j = fj + V

(θ)
tj+1−tj

(fj+1 + · · ·+ V
(θ)
tn−tn−1

fn),

where V
(θ)
t f(x) = θV θ

t (f/θ)(x). Using (4.4) inductively we get

E exp
{

−
n
∑

j=1

Zθ
tj
(fj)

}

= exp
{

n
∑

j=1

∫ tj−tj−1

0

η(φ(V (θ)
s h

(θ)
j ))ds

}

. (4.7)

By Lemma 4.1 it can be proved inductively that

h
(θ)
j → hj := fj + Ptj+1−tj(fj+1 + · · ·+ Ptn−tn−1fn)
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boundedly as θ → 0. Returning to (4.7) we get

lim
θ→0

E exp
{

−
n
∑

j=1

Zθ
tj
(fj)

}

= exp
{

n
∑

j=2

∫ tj−tj−1

0

η(φ(Pshj))ds
}

.

As in Iscoe (1986), it follows that the finite-dimensional distributions of fZθ
t : t ≥ 0g

converge to those of the S ′(D)-valued Markov process fZ0
t : t ≥ 0g with Z0

0 = 0 and
with transition semigroup (Rt)t≥0. tu

Theorem 4.2 Let ϕ(·, ·) be a function on D × IR with the representation

ϕ(x, z) = −c(x)z2 +

∫

IR◦
(eizu − 1− izu)m(x, du), x ∈ D, z ∈ IR, (4.8)

where c ∈ B(D)+ and (juj ∧ juj2)m(x, du) is a bounded kernel from D to IR◦. Then
there is a transition semigroup (Rt)t≥0 on S ′(D) given by

∫

S′(D)

eiν(f)Rt(µ, dν) = exp
{

iµ(Ptf) +

∫ t

0

η(ϕ(Psf))ds
}

, t ≥ 0, f ∈ S(D). (4.9)

Proof. We first assume that u2m(x, du) is a bounded kernel from D to IR◦. Let
fZ1

t : t ≥ 0g be an S ′(D)-valued Markov process with transition semigroup (R1
t )t≥0

given by (4.6) and let fZ2
t : t ≥ 0g be an S ′(D)-valued Markov process whose transition

semigroup (R2
t )t≥0 given by

∫

S′(D)

e−ν(f)R2
t (µ, dν) = exp

{

− µ(Ptf) +

∫ t

0

η(ψ(Psf))ds
}

, f ∈ S(D)+,

where

ψ(x, z) =

∫ 0

−∞
(ezu − 1− zu)m(x, du), x ∈ D, z ≥ 0.

Suppose that fZ1
t : t ≥ 0g and fZ2

t : t ≥ 0g are independent. Let Zt = Z1
t −Z2

t for t ≥ 0.
It is easy to check that fZt : t ≥ 0g is a S ′(D)-valued Markov process with transition
semigroup (Rt)t≥0 given by (4.9). In particular, we have proved the existence of the
transition semigroup (Rt)t≥0 under the stronger integral condition on m(x, du). The
condition can be relaxed as stated in the theorem by considering a suitable increasing
sequence of such kernels and taking the limit in an obvious way. tu

Theorem 4.3 Let ϕ(·) be a function on IR given by

ϕ(z) = −cz2 +

∫

IR◦

(

eiuz − 1− iuz
)

m(du), z ∈ IR, (4.10)

where c ≥ 0 and (juj ∧ juj2)m(du) is a finite measure on IR◦. Then there is a transition
semigroup (R′

t)t≥0 on S ′(D) given by
∫

S′(D)

eiν(f)R′
t(µ, dν) = exp

{

iµ(Ptf) +

∫ t

0

ϕ(κs(f))ds
}

, t ≥ 0, f ∈ S(D). (4.11)
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Proof. This transition semigroup is obtained from the one in the last theorem by
replacing ϕ(x, z) and η(dx) in (4.9) by ϕ(nz) and δ1/2n(dx), respectively, and letting
n → ∞. tu

5 Ornstein-Uhlenbeck processes with function values

In this section, we show that, under slightly stronger conditions, the Ornstein-Uhlenbeck
processes constructed in the last section take function values from L2(D,λ).

Suppose that η is a finite measure on D and ϕ(·, ·) is given by (4.8) with u2m(x, du)
being a bounded kernel from D to IR◦. Let W (ds, dx) be a white noise on [0,∞) ×
D with covariance measure 2c(x)dsη(dx) and let N(ds, du, dx) be a Poisson random
measure on [0,∞) × IR◦ ×D with intensity dsm(x, du)η(dx). Suppose that W (ds, dx)
and N(ds, du, dx) are defined on some complete probability space (Ω ,F ,P ) and are
independent of each other. Let Ñ(ds, du, dx) = N(ds, du, dx)− dsm(x, du)η(dx). Then
we have

Theorem 5.1 For each t ≥ 0, the function

Z0
t (ω, y) :=

∫ t

0

∫

D

pt−s(x, y)W (ω, ds, dx) +

∫ t

0

∫

IR◦

∫

D

upt−s(x, y)Ñ(ω, ds, du, dx) (5.1)

is well-defined in the L2(Ω ×D,P ×λ) sense and fZ0
t : t ≥ 0g is a Markov process with

state space L2(D,λ), initial value zero and transition semigroup (Rt)t≥0 given by

∫

L2(D,λ)

ei〈h,f〉Rt(g, dh) = exp
{

i〈g, Ptf〉+
∫ t

0

η(ϕ(Psf))ds
}

, f ∈ L2(D,λ). (5.2)

Moreover, Z0
t (ω, y) can be chosen as a function of (t, ω, y) belonging to L2([0,∞)×Ω ×

D,λ× P × λ).

Proof. By the inequality
∫

D

pt−s(x, y)
2dy <

1

2π(t− s)

∫

IR

exp
{

− y2

(t− s)

}

dy =
1

2
√

π(t− s)
,

we have
∫

D

E
{(

∫ t

0

∫

D

pt−s(x, y)W (ds, dx)
)2}

dy

= 2

∫

D

dy

∫ t

0

ds

∫

D

pt−s(x, y)
2c(x)η(dx)

≤
∫ t

0

1
√

π(t− s)
ds

∫

D

c(x)η(dx)

< ∞
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and
∫

D

E
{(

∫ t

0

∫

IR◦

∫

D

upt−s(x, y)Ñ(ds, du, dx)
)2}

dy

=

∫

D

dy

∫ t

0

ds

∫

D

η(dx)

∫

IR◦
u2pt−s(x, y)

2m(x, du)

≤
∫ t

0

1

2
√

π(t− s)
ds

∫

D

η(dx)

∫

IR◦
u2m(x, du)

< ∞.

Then the right hand side of (5.1) is well-defined in the L2(Ω ×D,P ×λ) sense. By the
same reasoning, we see that it is also well-defined in the L2([0,∞)×Ω ×D,λ×P × λ)
sense. For any f ∈ L2(D,λ), we have

E exp
{

i

∫ t

0

∫

D

Pt−sf(x)W (ds, dx)
}

= exp
{

−
∫ t

0

ds

∫

D

c(x)[Pt−sf(x)]
2η(dx)

}

and

E exp
{

i

∫ t

0

∫

IR◦

∫

D

uPt−sf(x)Ñ(ds, du, dx)
}

= exp
{

∫ t

0

ds

∫

D

c(x)η(dx)

∫

IR◦
(expfiuPt−sf(x)g − 1− iuPt−sf(x))m(x, du)

}

.

Thus fZ0
t : t ≥ 0g has the asserted one-dimensional distributions. If g ∈ L2(D,λ),

then Ptg ∈ L2(D,λ) for all t ≥ 0. Clearly, the distribution Rt(g, ·) of Ptg + Z0
t has

characteristic functional given by (5.2) and (Rt)t≥0 is a transition semigroup on L2(D,λ).
The Markov property of fZ0

t : t ≥ 0g follows by a similar calculation as the above. tu
Suppose that ϕ(·) is given by (4.10) with u2m(du) being a finite measure on IR◦.

Let γ(dx) = (1− e−x2
)dx for x ∈ D. Let fB(t) : t ≥ 0g be a one-dimensional Brownian

motion with increasing process 2ct and let N(ds, du) be a Poisson random measure
on [0,∞) × IR◦ with intensity dsm(du). Suppose that fB(t) : t ≥ 0g and N(ds, du)
are defined on some complete probability space (Ω ,F ,P ) and are independent of each
other. Let Ñ(ds, du) = N(ds, du)− dsm(du). Then we have

Theorem 5.2 For each t ≥ 0, the function

Z0
t (ω, y) :=

∫ t

0

kt−s(y)B(ω, ds) +

∫ t

0

∫

IR◦
ukt−s(y)Ñ(ω, ds, du) (5.3)

is well-defined in the L2(Ω × D,P × γ) sense and fZ0
t : t ≥ 0g can be regarded as

a Markov process with state space S ′(IR), initial value zero and transition semigroup
(R′

t)t≥0 given by (4.11). Moreover, Z0
t (ω, y) can be chosen as a function of (t, ω, y)

belonging to L2([0,∞)×Ω ×D,λ× P × γ).
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Proof. For any t > 0,
∫ t

0

ks(y)
2ds ≤

∫ ∞

0

y2

2πs3
e−y2/sds =

1

2πy2
.

Then we have
∫

D

E
{(

∫ t

0

kt−s(y)B(ds)
)2}

γ(dy)

= 2c

∫

D

γ(dy)

∫ t

0

kt−s(y)
2ds

< ∞

and
∫

D

E
{(

∫ t

0

∫

IR◦
ukt−s(y)Ñ(ds, du)

)2}

γ(dy)

=

∫

D

γ(dy)

∫ t

0

kt−s(y)
2ds

∫

IR◦
u2m(du)

< ∞.

Thus the right hand side of (5.3) is well-defined in the L2(Ω ×D,P ×γ) sense. Clearly,
it is also well-defined in the L2([0,∞) × Ω ×D,λ × P × γ) sense. For any f ∈ S(IR),
we have

E exp
{

i

∫ t

0

〈kt−s, f〉B(ds)
}

= exp
{

−
∫ t

0

c〈kt−s, f〉2ds
}

and

E exp
{

i

∫ t

0

∫

IR◦
u〈kt−s, f〉Ñ(ds, du)

}

= exp
{

∫ t

0

ds

∫

IR◦
(expfiu〈kt−s, f〉g − 1− iu〈kt−s, f〉)m(du)

}

.

Thus fZ0
t : t ≥ 0g has the right one-dimensional distributions. The asserted Markov

property follows by a similar calculation. tu

Theorem 5.3 If (1 ∨ juj)m(du) is a finite measure on IR◦, then for each t ≥ 0 the
function

Z0
t (y) :=

∫ t

0

∫

IR◦
ukt−s(y)Ñ(ds, du) (5.4)

belongs to L2(D,λ) a.s. and fZ0
t : t ≥ 0g is a Markov process with state space L2(D,λ),

initial value zero and transition semigroup (R′
t)t≥0 given by

∫

L2(D,λ)

ei〈h,f〉R′
t(g, dh) = exp

{

i〈g, Ptf〉+
∫ t

0

ϕ(〈ks, f〉)ds
}

, f ∈ L2(D,λ), (5.5)

where ϕ(·) is given by (4.10) with c = 0.
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Proof. For any t > 0, we have

∫ t

0

ks(y)ds =

∫ ∞

y2/2t

1√
πu

e−udu,

which is bounded in y ≥ 0 and dominated by

∫ ∞

y2/2t

1√
π
e−udu =

1√
π
e−y2/2t

for y ≥
√
t. Therefore,

∫ t

0

ds

∫

IR◦
ukt−sm(du)

belongs to L2(D,λ) under our assumption. Since kt ∈ L2(D,λ) for every t > 0 and a.s.

∫ t

0

∫

IR◦
ukt−sN(ds, du)

is a finite sum, we have Z0
t ∈ L2(D,λ) a.s. If g ∈ L2(D,λ), then Ptg ∈ L2(D,λ) for

all t ≥ 0 and the distribution Rt(g, ·) of Ptg +Z0
t has characteristic functional given by

(5.5). Clearly, (Rt)t≥0 is a transition semigroup on L2(D,λ). The Markov property of
fZ0

t : t ≥ 0g follows by a standard calculation. tu
As in Li (1996) one may see that the Ornstein-Uhlenbeck processes given by (5.2)

and (5.5) usually do not have right continuous sample paths, neither do they have the
strong Markov property. We shall prove in the next section that they do have those
properties if we regard them as processes in another suitably chosen state space.

6 Ornstein-Uhlenbeck processes with signed-measure val-
ues

In this section, we show that some of the Ornstein-Uhlenbeck processes given by (5.2)
and (5.5) behave very regularly in the space of signed-measures. Indeed, from the proof
of Theorem 6.1 we know that they are essentially special forms of the immigration
processes studied in Li (1995/1996, 1996).

Given a locally compact metric space E, let M(E) denote the space of finite Borel
measures on E. Let ffng∞n=1 be a dense subset of the space of all bounded uniformly
continuous functions on E. We may define a metric r(·, ·) on M(E) by

r(µ, ν) =
∞
∑

n=1

2−n(1 ∧ jµ(fn)− ν(fn)j), µ, ν ∈ M(E). (6.1)
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Clearly, this metric is compatible with the topology of weak convergence in M(E). Let
S(E) = fµ′ − µ′′ : µ′, µ′′ ∈ M(E)g be the space of finite signed-measures on E. Define
a metric ρ(·, ·) on S(E) by

ρ(µ, ν) = inffr(µ′, ν ′) + r(µ′′, ν ′′) : µ′, µ′′, ν ′, ν ′′ ∈ M(E) with

µ′ − µ′′ = µ and ν ′ − ν ′′ = νg. (6.2)

Then µn → µ0 in S(E) if and only if there are decompositions µn = µ′
n − µ′′

n and
µ0 = µ′

0 − µ′′
0 such that µ′

n → µ′
0 and µ′′

n → µ′′
0 in M(E). Below, we shall consider the

metric space (S(E), ρ) for E = (0,∞) or [0,∞).
Suppose that η is a finite measure and ϕ(·, ·) is given by (4.8) with c(x) ≡ 0 and

with jujm(x, du) being a bounded kernel from D to IR◦. Suppose that N(ds, du, dx)
is a Poisson random measure on [0,∞)× IR◦ ×D with intensity dsm(x, du)η(dx). Let
Ñ(ds, du, dx) = N(ds, du, dx)− dsm(x, du)η(dx). Let

Yt(f) :=

∫ t

0

∫

IR◦

∫

D

uPt−sf(x)Ñ(ds, du, dx), t ≥ 0, f ∈ B(D). (6.3)

Theorem 6.1 The process fYt : t ≥ 0g defined by (6.3) is an a.s. right continuous
S(D)-valued strong Markov process with transition semigroup (Rt)t≥0 defined by

∫

S(D)

eiν(f)Rt(µ, dν) = exp
{

iµ(Ptf) +

∫ t

0

η(ϕ(Psf))ds
}

, f ∈ B(D). (6.4)

Proof. We define the positive part fY ′
t : t ≥ 0g of fYt : t ≥ 0g by

Y ′
t (f) :=

∫ t

0

∫ ∞

0

∫

D

uPt−sf(x)N(ds, du, dx), t ≥ 0, f ∈ B(D).

By the assumptions,

EfY ′
t (f)g =

∫ t

0

ds

∫

D

η(dx)

∫ ∞

0

uPt−sf(x)m(x, du)

≤ t‖f‖η(D) sup
x∈D

∫ ∞

0

um(x, du)

< ∞.

Then fY ′
t : t ≥ 0g is a well-defined M(D)-valued process, which is clearly a special

form of the immigration process considered in Li (1996) without branching. By Li
(1996, Theorem 4.1), fY ′

t : t ≥ 0g is a.s. right continuous. Similarly, the negative part
fY ′′

t : t ≥ 0g of fYt : t ≥ 0g defined by

Y ′′
t (f) := −

∫ t

0

∫ 0

−∞

∫

D

uPt−sf(x)N(ds, du, dx), t ≥ 0, f ∈ B(D),
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is also an a.s. right continuous immigration process. Then one can easily see that
fYt : t ≥ 0g defined by (6.3) is an a.s. right continuous S(D)-valued Markov process
with transition semigroup (Rt)t≥0. The strong Markov property holds since (Rt)t≥0 is
clearly Feller. tu

Suppose that ϕ(·) is given by (4.10) with c = 0 and with jujm(du) being a finite
measure on IR◦. Suppose that N(ds, du) is a Poisson random measure on [0,∞) × IR◦

with intensity dsm(du). Let Ñ(ds, du) = N(ds, du)− dsm(du). Let

Yt(f) :=

∫ t

0

∫

IR◦
uκt−s(f)Ñ(ds, du), t ≥ 0, f ∈ B(D). (6.5)

By a similar argument as in the proof of Theorem 6.1 we get

Theorem 6.2 The process fYt : t ≥ 0g defined by (6.5) is an S(D)-valued Markov
process with transition semigroup (R′

t)t≥0 defined by

∫

S(D)

eiν(f)R′
t(µ, dν) = exp

{

iµ(Ptf) +

∫ t

0

ϕ(κs(f))ds
}

, f ∈ B(D). (6.6)

As in Li (1996) one can see that the process (6.5) does not have right continuous
modification. Observe that h(x) := (1− e−x) is an excessive function of (Pt)t≥0 and

Ttf(x) =

{

h(x)−1Pt(hf)(x) for t > 0 and x > 0,
2κt(hf) = (d/dx)Pt(hf)(0+) for t > 0 and x = 0,

(6.7)

defines the transition semigroup (Tt)t≥0 of a Markov process on [0,∞).

Theorem 6.3 Let fYt : t ≥ 0g be defined by (6.5), and let Zt(f0g) = 0 and Zt(dx) =
(1 − e−x)Yt(dx) for x > 0. Then fZt : t ≥ 0g is an S([0,∞))-valued Markov process
with transition semigroup (St)t≥0 defined by

∫

S([0,∞))

eiν(f)St(µ, dν) = exp
{

iµ(Ttf) +

∫ t

0

ϕ(κs(hf))ds
}

, f ∈ B([0,∞)). (6.8)

Moreover, fZt : t ≥ 0g has a right continuous strong Markov realization.

Proof. The first assertion holds by Theorem 6.2. Observe that

∫

S([0,∞))

eiν(f)St(µ, dν) = exp
{

iµ(Ttf) +

∫ t

0

ϕ(2−1Tsf(0))ds
}

, f ∈ B([0,∞)),

by (6.7) and (6.8). Then the second assertion follows from Li (1996, Theorem 4.1) as
in the proof of Theorem 6.1. tu
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